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The oceanic forced wave beneath a moving atmospheric disturbance is amplified by
Proudman resonance. When modified by the Earth’s rotation this classical resonance
only occurs if the disturbance time scale is smaller than the inertial period. With or
without Coriolis effects free transients generated by storm forced waves obliquely cross-
ing step changes in water depth at particular angles are shown to resonate by exciting
a range of barotropic free waves. Rotationally influenced slow atmospherically forced
waves crossing a vertical coast at a critical angle lead to a form of sub-critical resonance,
which occurs only when the component of the disturbances’ phase velocities along the
coast matches that of a free Kelvin wave (KW). In a rotating ocean transients generated
by disturbances crossing a step at a particular angle are shown to excite a free double
Kelvin wave (DKW). This new type of resonance only occurs for sufficiently large steps
and disturbances with time scale greater than the inertial period. A storm crossing a
step shelf can result in the excitation of an infinite set of edge-waves, a single KW, a
unique DKW and a first-mode continental shelf wave, depending on the topography and
the disturbance time scale, translation speed and incident angle. The study of resonances
and wave mode excitations generated by storms crossing a coast or a continental shelf
may contribute to understanding how a particular combination of the storm character-
istics can result in destructive coastal events with time scales encompassing the typical
meteotsunami period band (tens of minutes) and storm surges with periods of several
hours or days.

1. Introduction

The forced wave generated by a moving atmospheric disturbance can be amplified by
the well-known Proudman resonance when the translation speed of the disturbance ap-
proaches the shallow water wave speed (i.e. at critical translation speed) (Lamb 1932;
Proudman 1953). A disturbance travelling parallel to the coast over a linearly sloping
bottom can also lead to a large forced ocean wave amplification due to Greenspan res-
onance (Greenspan 1956). This is due to the excitation of one of the coastally trapped
edge-wave modes, and is large at critical disturbance speeds (Greenspan 1956). Garrett
(1970) showed how free waves can be generated when a fast super-critical atmospheric
disturbance crosses a step. He noted the possibility of typically slow moving weather sys-
tems crossing ridges and creating free waves, commenting that they would be too small
to be detected, though Vennell (2007) (hereafter V07) showed that transient free waves
of significant amplitudes can be generated by small fast-moving storms moving across
shelves and ridges. Vennell (2010) (hereafter V10) showed that a sub-critical resonance
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occurs when a relatively slow moving forced wave in a flat-bottomed ocean crosses a
vertical coast at a particular angle and may enhance coastal surges under sub-critical
storms. Here it is shown that including rotational effects gives a more complex sea level
response and results in broader applicability of the model. Rotationally influenced forced
waves crossing step changes in water depth at critical angles can resonate by exciting
four different types of trapped free waves.

Proudman and Greenspan resonances and that of V10 are based on the assumption
that the effects of the Earth’s rotation can be neglected. This is possible if the time
scale of the disturbance (i.e. the passage time of the disturbance over a fixed point) is
small compared to the inertial period. V07 and V10 contributed to understanding how
atmospheric disturbances of short time scales may excite shelf seiches and large transient
waves which can result in destructive meteotsunami events (within the 5−30 min period
band) at several locations around the world (Nomitsu 1935; Defant 1961; Monserrat
et al. 1991; Rabinovich & Monserrat 1996; Monserrat et al. 2006; Vilibić et al. 2008;
Goring 2009). Here it is shown that conditions for the occurrence of Proudman resonance
and that suggested by V10 are modified in the presence of Coriolis effects. Modified
Proudman Resonance (MPR) was implicitly formulated by Gill (1982, p. 348). This study
proposes a better understanding of how more common storm induced surges may arise
from disturbances which have time scales much longer than the typical meteotsunami
period band.

Thomson (1970) found that only the longshore component of the wind-stress and
pressure gradient can generate Kelvin-type waves, in agreement with Kajiura (1962).
Thomson (1970) considered a semi-infinite ocean of constant depth bounded by a vertical
wall and studied the responses to a non-travelling wind stress pattern (with only an
alongshore component) and to a storm travelling in the alongshore direction, allowing
the generation of Kelvin waves (KW) only for critical disturbance speeds. Here the general
case of travelling wind stress and atmospheric pressure forcing is explored and shows that
the KW mode can be excited by sub-critical storms impacting the coast with a particular
angle.

Longuet-Higgins (1968a) discovered the existence of double Kelvin waves (DKWs)
trapped along a discontinuity in depth. Here a forced wave, with period greater than the
inertial period and crossing a step with a particular angle in a rotating ocean, is shown to
lead to a sub-inertial resonance responsible for the excitation of a DKW. Mysak (1969)
showed analytically how a transient or time-periodic nondivergent wind stress field, with
a component only in the direction normal to the discontinuity in depth, can generate
DKWs. This paper demonstrates that a travelling wind stress and/or atmospheric pres-
sure disturbance leads to a new type of sub-inertial resonance for a particular forcing
incident angle and a sufficiently large step.

Robinson (1964) and Mysak (1967a,b) suggested that the generation of continental
shelf waves might be due to a resonant response of the sea surface to atmospheric pressure
disturbances. However, opinion rapidly favoured the generation of shelf waves by the
wind stress (Buchwald & Adams 1968; Adams & Buchwald 1969; Gill & Schumann
1974; LeBlond & Mysak 1978; Gill 1982). Several observational and/or numerical studies
showed that the ocean response after the passage of a storm over a shelf can be either
in the form of super-inertial edge waves (Lighthill 1998; Mercer et al. 2002; Yankovsky
2008, 2009; V10; and others) or sub-inertial shelf waves (Gordon & Huthnance 1987; Xie
et al. 1999; Teague et al. 2007; Thiebaut & Vennell 2010; and others). It is shown here
that a forced wave moving over an idealized step shelf is able to excite an infinite set of
super-inertial edge wave modes and a unique sub-inertial shelf wave mode described by
Munk et al. (1970).
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The Saffir−Simpson hurricane scale was developed to provide a simple method for
estimating storm surges and damage potential as a simple function of the maximum
wind speed within a hurricane (e.g. Simpson 1974). Irish et al. (2008) used a numeri-
cal model to show that storm size also plays a key role in surge generation in coastal
areas, with a greater enhancement for large hurricanes. Weisberg & Zheng (2006) stud-
ied numerically the influence of the hurricane intensity, landfall location, forward speed,
and direction on simulated hurricane surges within a bay and concluded that the surge
response was sensitive to all of these parameters. This paper shows analytically how a
particular combination of the storm translation speed (relative to the depth), time scale
and direction can generate a resonant response of the ocean and enhance the storm surge
as the disturbance crosses a vertical coast, a step or a shelf.

The linearized forced and free shallow water equations in a rotating ocean are developed
in section 2. Section 3,4 and 5 give solutions for the forced wave crossing a coast, a step
and a shelf, respectively. Several events related to the model results are discussed in
section 6.

2. The analytic model

2.1. Forced wave solutions

A two-dimensional barotropic ocean model for transient shallow water waves generated by
a moving atmospheric disturbance over varying topography is developed. The disturbance
time scale Tp = L/U (where L is its width, and U its translation speed) is assumed to be
comparable to the inertial period so that Coriolis effects must be taken into account. The
depth is assumed to be large enough to neglect bottom friction. Hydrostatic balance gives
the pressure at any depth −z (z is measured vertically upwards) as p = ρg(η − z) + pa
where η is the displacement of the ocean’s surface, ρ is the ocean water density, g is the
acceleration of gravity, pa = −ρgηa is the atmospheric pressure at the ocean’s surface
due to the disturbance and ηa is the ocean’s surface displacement under a stationary
disturbance. The linearized atmospherically forced barotropic two-dimensional governing
equations in a horizontal Cartesian co-ordinate system (x,y) for shallow water motion in
constant water depth h are (e.g. Thomson 1970)

∂u

∂t
− fv = −g ∂η

∂x
+ g

∂ηa
∂x

+
τx

ρh
, (2.1)

∂v

∂t
+ fu = −g ∂η

∂y
+ g

∂ηa
∂y

+
τy

ρh
, (2.2)

∂η

∂t
+ h

(
∂u

∂x
+
∂v

∂y

)
= 0, (2.3)

where u and v are the velocity components of the fluid, (τx,τy) are the components of
wind stress, f is the constant Coriolis parameter (chosen to correspond to latitude 45oN)
and η is assumed small compared to the water depth. Combining (2.1)-(2.3) gives

∂2η

∂t2
− c2∇2η + fhζ = −c2∇2ηa +

1

ρ
∇ · τ, (2.4)

where c =
√
gh, ∇2 = (∂2/∂x2) + (∂2/∂y2) and ζ = (∂v/∂x) − (∂u/∂y) is the relative

vorticity of the fluid.

The time derivative of (2.4) combined with the y− and x−derivative of (2.1) and (2.2),
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respectively, and (2.3) yield, after integrating with respect to time:

∂2η

∂t2
− c2∇2η + f2η = −c2∇2F, (2.5)

where the forcing term is a combination of the atmospheric pressure and the wind stress
forcing as

∂

∂t
∇2F =

∂

∂t
∇2ηa −

1

ρc2
∂

∂t
∇ · τ + f2

c2
wE , (2.6)

in which wE = (ρf)−1∇ × τ is the Ekman pumping. The combined forcing due to a
periodic disturbance of angular frequency ω, wavenumber KF =

√
k2F + l2F (kF and lF

are the x- and y-components of KF , respectively), translation speed U = ω/KF and
wavelength L = 2π/KF (which conceptually defines the storm width) can be expressed
as

F = F0 exp [i (kFx+ lF y − ωt)] , (2.7)

for which the steady-state forced wave solution to (2.5) has the form

ηF = ηF0 exp [i (kFx+ lF y − ωt)] , (2.8)

where ηF0 = F0/(1 − Fr2 + L̃2) in which Fr= U/c = ω/(cKF ) is the Froude number

and L̃ = f/(cKF ) = L/(2πLr) is the dimensionless disturbance width (which gives the
width of the disturbance, L, relative to the Rossby Radius of deformation Lr = c/f).
The forcing terms in (2.6) can be written as:

ηa = ηa0 exp [i (kFx+ lF y − ωt)] (2.9)

(τx, τy) = (τx0 , τ
y
0 ) exp {i [kFx+ lF y − ωt+ µ]} (2.10)

where µ is the phase difference between the ocean’s surface response to atmospheric
pressure and wind forcing, varying between 0 (for an extremely fast moving disturbance)
and sgn(f)π/2 (assuming the air is in geostrophic balance). The choice of µ does not
affect the general model results and the simple case of µ = π/2 is chosen here. Thus F0

can be expressed as the sum of atmospheric pressure and wind forcing

F0 = ηa0 + F0τ , (2.11)

where

F0τ =
1

ρc2K2
F

[
(kF τ

x
o + lF τ

y
o )− i

f

ω
(kF τ

y
o − lF τ

x
o )

]
. (2.12)

A comparison of the wind with atmospheric pressure effects on the sea level under the
forced wave demonstrates that wind effects are generally largely dominant (not shown),
in agreement with for instance Gill (1982, p. 340) who neglected the divergence of the
wind stress. Equation (2.12) shows that the divergence of the wind stress ‘(kF τ

x
o + lF τ

y
o )’

has some importance for higher frequency disturbances. The terms related to the Ekman
pumping ‘(kF τ

y
o − lF τ

x
o )’ become more important for low-frequency disturbances, i.e.

ω/f < 1.
Transient free waves are generated by the interaction of the barotropic velocity, as-

sociated with the forced wave, with the topography. With a view to determining the
boundary conditions for different topographies oriented parallel to the y axis, (2.1) and
(2.2) give the cross-topographic velocity associated with the forced wave as

uF =
g(Fηa

+ Fτ )

(1− Fr2 + L̃2)(ω2 − f2)
exp [i (kFx+ lF y − ωt)] , (2.13)
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where

Fηa
= ηa0

(
Fr2 − L̃2

)
(ωkF + if lF ) and (2.14)

Fτ = F0τ (ωkF + if lF )− (ρgh)
−1

(ωτx0 + ifτy0 )
(
1− Fr2 + L̃2

)
(2.15)

are forcing functions linked to atmospheric pressure and wind stress effects, respectively.
For convenience, the sum of those functions is written F = Fηa

+ Fτ hereafter.

2.2. Storm characteristics used in presented examples

An arbitrary value of hydrostatic response of the ocean, ηa, of 0.6 m (assuming that
it corresponds to approximately 60 hPa change in air pressure, e.g. Doodson 1924) is
used in this study to simulate strong storm conditions (e.g. Gordon & Huthnance 1987;
Tang et al. 1998). Assuming the atmospheric disturbance is in gradient wind balance and
without forward motion, the wind speed W (r) as a function of distance r from the storm
center is given by (Holland 1980)

W (r) =

{
A

rB
B∆p

ρa
exp

(
− A

rB

)
+
r2f2

4

} 1

2

− rf

2
(2.16)

where A and B are scaling parameters, ρa is the air density (1.15 kg m−3) and ∆p is
the difference between the hurricane central atmospheric pressure and the ambient at-
mospheric pressure. Assuming the air is in cyclostrophic balance (i.e. the Coriolis force
is small compared to the pressure gradient and centrifugal forces) at the Radius of Max-
imum Winds (RMW), the maximum wind speed is (Holland 1980)

Wmax =

√
Bρ−1

a exp(−1)∆p. (2.17)

Physically, B dictates the shape of the radial pressure profile (Holland 1980, figure 8).
Vickery & Wadhera (2009) developed a statistical model for B independent on Wmax in
the form

B = 1.881− 5.57×10−6RMW − 0.01295|ψ|, (2.18)

where ψ is the latitude (in degrees). In order to use a realistic RMW in comparison to
∆p, Vickery & Wadhera (2009)’s relationship for all hurricanes is used

RMW × 10−3 = exp
(
3.015− 6.291× 10−9∆p2 + 0.0337|ψ|

)
. (2.19)

Thus for a mid-latitude (45oN) storm, this gives RMW≈ 75 km, B ≈ 0.88 andWmax ≈ 41
m s−1. The latter can be reduced to the maximum surface wind W10(max)(1-min average
at 10m above the mean sea level) by multiplying by a factor of 0.8 giving W10(max) ≈ 33
m s−1 (Powell 1980). The magnitude of the wind stress can be related to the magnitude of
the maximum horizontal wind speed by the conventional bulk formula (e.g. Gill 1982, p.
29): τ0 = cDρaW

2
10(max), where cD is the drag coefficient. The drag coefficient increases

as the wind increases for moderate wind speeds (<25 m s−1) (Charnock 1955; Smith
& Banke 1975; Large & Pond 1981). Although Wu (1982) suggested this increasing
relationship was applicable even for wind speeds above hurricane type winds (>33 m
s−1), several studies showed that cD levels off or reduces as the wind increases from
≈ 30 m s−1 (Powell et al. 2003; Moon et al. 2004; Makin 2005; Jarosz et al. 2007).
Thus an arbitrary value of cD = 2.3 × 10−3, corresponding to a surface wind of ≈ 33
m s−1, is chosen, consistent with those authors. This gives a maximum wind stress of
τ0 ≈ 2.9 Pa. The wind direction near the bottom of the atmosphere (i.e. the wind stress
direction) can vary from 0◦ (assuming no stress at the surface of the ocean) to sgn(f)45◦



6 S. Thiebaut and R. Vennell

counterclockwise relative to the geostrophic wind direction, as predicted by the Ekman
spiral solution for the atmospheric bottom boundary layer (e.g. Garratt 1994, p. 42;Vallis
2006, p. 111), derived from the classical Ekman theory for laminar ocean currents (Ekman
1905). This direction can be arbitrarily chosen without affecting the general model results.
For simplicity, let 45◦ be used. Thus the magnitude of the wind stress components will
be taken as (τx0 , τ

y
0 ) = τ0|(cos, sin) [θ − sgn(f)π/4] |.

2.3. Storm length scale

The estimation of the dominant length scale of storms is poorly documented. It is one
of the most relevant parameters of this study. It affects the region forced by the storm,
i.e. where there is a significant increase in the surface air entropy, which is always a few
times greater than the RMW. Assuming geostrophic balance, the RMW corresponds to
the distance between the storm’s center and the greatest surface atmospheric pressure
gradient. Thus the length scale of a storm is commonly estimated as twice the RMW
(e.g. Irish et al. 2008). Nevertheless, a more rigorous approach consists of looking at an
idealized Gaussian atmospheric pressure profile (in one horizontal dimension) of the form
G = − exp[−r2/(2RMW2)], where r is the distance from the center of the Gaussian. The
Fourier transform of the geostrophic wind profile (i.e. the absolute value of the gradient
of G) shows that the predominant forcing length scale is Lg ≈ 1.47 × 2RMW for any
RMW.

The geostrophic approach described here is a relatively good approximation for synop-
tic scale atmospheric systems. However, for mesoscale atmospheric vortices, the gradient
wind balance (which has a cyclostrophic balance in the region of maximum winds) is a
more realistic assumption. The Fourier transform of (2.16) indicates that the predomi-
nant forcing length scale is

L = C × 2RMW. (2.20)

in which C ≈ 1.92 for A = 89286B , B = 0.88 and ψ = 45o. The value of A is graphically
chosen such that the maximum of the gradient balance wind speed distribution corre-
sponds to RMW≈ 75 km (not shown). Therefore, a storm length scale of L ≈ 288 km
is adopted for the presented examples. Note that, because the gradient wind profile in
(2.16) is a function of A, B(or RMW and ψ), ∆p and f , the factor C in (2.20) will also
depend on those parameters.

2.4. Free wave solutions

Any transient waves reflected by the coast or a topographic step, or transmitted across
a step, have free wavelike solutions of the form (e.g. Lamb 1932)

ηR = ηR0 exp [i (−kRx+ lRy − ωt)] , (2.21)

ηT = ηT0 exp [i (kTx+ lT y − ωt)] , (2.22)

and their respective velocity components have the form:

(uR, vR) = (uR0, vR0) exp [i (−kRx+ lRy − ωt)] , (2.23)

(uT , vT ) = (uT0, vT0) exp [i (kTx+ lT y − ωt)] , (2.24)

which on substitution in (2.5) (without external forcing, F = 0) gives the dispersion
relation

ω2 = f2 +K2c2, (2.25)

where K2 = K2
R = k2R+ l2R and K2 = K2

T = k2T + l2T for the reflected and transmitted free
waves, respectively. Combining (2.21)-(2.24) and (2.1)-(2.3) (without external forcing)
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gives the amplitude of the cross-topography velocity of the transient waves as

uR0 =
g(−kRω + ilRf)

ω2 − f2
ηR0, (2.26)

uT0 =
g(kTω + ilT f)

ω2 − f2
ηT0. (2.27)

These velocities, with the velocity due to the forced waves (2.13), will be used in the
boundary or matching conditions for different topographies.

3. Disturbance crossing a vertical coast

A semi-infinite flat bottom ocean bounded by a vertical coast is considered (figure
1a). Ray theory will be used to determine the wavenumber and angle of the reflected
wave (KR and θR, respectively) due to an atmospheric disturbance crossing a vertical
coast (figure 1). The forced and reflected waves must have the same frequency ω and
alongshore wavenumber (lF = lR = l) to match their phase structure at the coast (V10).
The dispersion relation (2.25) also leads to a relation between the reflected and forced

wavenumbers: KR = KF

√
Fr2 − L̃2. Thus the relation between the reflected and forced

wave angles is

sin θR =
sin θ√
Fr2 − L̃2

=
cKF sin θ√
ω2 − f2

, (3.1)

which can be interpreted as a modified Snell’s law of refraction, but applied to reflection
of a forced wave (V10). For super-inertial frequency disturbances, a consequence of the
modified reflection law is that there is no reflected free wave if θ exceeds the trapped
angle

θtrap = sin−1

(√
Fr2 − L̃2

)
= sin−1

[√
ω2 − f2/ (cKF )

]
, (3.2)

which exists only when the disturbance Froude number satisfies

L̃2 < Fr2 < 1 + L̃2. (3.3)

For super-inertial frequency disturbances (ω > f), Fr2 is always greater than L̃2. If Fr2 <

1 + L̃2, then KR is greater than the radius of the Poincare circle
√
(ω2 − f2)/c (figure

1b,c). Thus, the transient wave can either be reflected offshore for |θ| < θtrap (figure 1b)
or trapped along the coast for |θ| > θtrap (figure 1c), as the cross-shore wavenumber of

the transient wave becomes imaginary: kR = i
√
l2 − (ω2 − f2)/c. If Fr2 > 1 + L̃2 (fast

moving storms), θtrap does not exist but kR is real, as KR is smaller than the radius of
the Poincare circle. Consequently it will be reflected for all angles (case not shown).

For sub-inertial frequency disturbances (ω < f), Fr2 is always smaller than L̃2. There-
fore (3.3) is violated. The trapped angle, θtrap, and the Poincare circle do not exist and
kR is always imaginary. The reflected wave will always be trapped (figure 1d).

3.1. Coastal solutions

Using (2.13) and (2.26), the solution for the reflected wave (2.21), which satisfies the
velocity boundary condition that uF + uR = 0 at x = 0, is

ηR = ηR0 exp [i (yKF sin θ − ωt)] exp





(
−ixKF

√
Fr2 − L̃2 − sin2 θ

)
|θ| 6 θtrap,(

xKF

√
sin2 θ + L̃2 − Fr2

)
|θ| > θtrap,

(3.4)
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[H]

Figure 1. (a) Geometry of forced and reflected transient ocean waves due to an atmospheric
disturbance crossing a vertical coast with an incident angle θ counterclockwise relative to the
x-axis. (b)(c)(d) Dispersion diagrams for the free reflected wave in relation to the forced wave
for different cases. Large arrows represent the wavenumber vectors of the forced (KF ) and
reflected (KR) waves. The Poincare circle is represented in (b) and (c) by a thick dashed lines to
illustrate the MPR. Modified Sub-Critical Resonance (MSCR) is represented by an horizontal
thick dashed line in (c) and (d).

where

ηR0 =
F(

1− Fr2 + L̃2
)
(kRω − ilf)

. (3.5)
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Figure 2. (a)(c) Magnitude of the reflected wave |ηR0| relative to the forced wave |ηF0| generated
by an atmospheric disturbance (ηa = 0.6 m and τ0 = 2.9 Pa) crossing a vertical coast for a range
of disturbance incident angles and Fr = 0.8 . (b)(d) Magnitude of |ηR0| for a range of disturbance
incident angles and Froude numbers. The magnitude |ηR0| is contoured instead of |ηR0|/|ηF0|
in order to show both MPR and MSCR (thick dashed lines). Thin dashed lines in (b) represent
−θtrap(Fr) and θtrap(Fr). Both cases of (a)(b) super-inertial (ω/f = 1.5) and (c)(d) sub-inertial
(ω/f = 0.5) disturbances are considered.

3.2. Resonances

A vanishing denominator in (3.5) gives rise to two types of resonances (figure 2). One
is the classic Proudman resonance (Lamb 1932; Proudman 1953) modified by rotation.
In order to generate this Modified Proudman Resonance (MPR), the resonant Froude

number Frres must be greater than unity: Frres =
√
1 + L̃2. Thus, because of the

Earth’s rotation, the larger the storm is compared to the depth, the faster it has to
travel to generate MPR. Graphically this kind of resonance occurs when the disturbance’s
wavenumber KF matches the radius of the Poincare circle

√
(ω2 − f2)/c (figure 1b,c).

Therefore Frres can be expressed in terms of frequencies as Frres = (1 − f2/ω2)−1/2.
Note that MPR cannot occur for sub-inertial disturbances (figures 1d and 2d).

The second kind of resonance occurs only for complex imaginary kR (i.e. only if the
reflected transient is trapped at the coast) and can be interpreted as sub-critical resonance
(V10) modified by rotation. It occurs only if l2 > (ω2 − f2)/c2. The critical cross-shore
wavenumber kRcrit in (3.5), for which ηR0 tends to infinity, is

kRcrit = ilcritf/ω, (3.6)
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where lcrit is the corresponding critical along-shore wavenumber defined by sin θcrit =
lcrit/KF . From the dispersion relation (2.25) when l2 > (ω2 − f2)/c2, we can write:

kRcrit = ±i
√
l2crit − (ω2 − f2)/c2. (3.7)

Combining (3.6) and (3.7), we find lcrit = ±ω/c. If lcrit = −ω/c then kRcrit = −iL−1
r

and the form of the reflected wave, ηR = ηR0 exp(−L−1
r x) exp [i (ly − ωt)], would grow as

x→ −∞ (towards deep water), which is not geometrically possible. Therefore, the only
alongshore wave number that generates Modified Sub-Critical Resonance (MSCR) in the
Northern Hemisphere is lcrit = ω/c. This means that the alongshore component of the
forcing wavenumber must have the coast on the right (i.e. right-bounded disturbances).
Consequently, the trapped wave also propagates with the coastline on its right in the
Northern Hemisphere. The corresponding critical angle is

θcrit = sin−1(Fr), (3.8)

which is the same as the critical angle for sub-critical resonance without rotation (V10).
Note that the critical angle in the Southern Hemisphere is θ = sin−1(−Fr) due to the
negative sign of f in (3.6). This resonance is similar to the sub-critical resonance given
by V10 in the sense that it can only occur for sub-critical storms impacting the coast at
a specific angle (figure 2). However, using a more general approach considering Coriolis
effects, it is shown here that MSCR can occur only when the transient is trapped, i.e.
θcrit > θtrap (figures 1 and 2) (θcrit = θtrap in V10).

Considering the case of a sub-inertial disturbance (ω < f , figure 2c,d), although MPR
does not exist, MSCR can occur and large response is spread over a wider range of in-
cident angles around θcrit (figure 2c) compared to the super-inertial case (figure 2a).
The wavenumber components kRcrit and lcrit correspond to the well-known Kelvin-wave
solution (e.g. Longuet-Higgins 1968a; Thomson 1970). Resonance occurs when the along-
shore phase speed of the forced wave (ω/l) matches the free Kelvin-wave phase speed
(
√
gh).
Theory predicts infinite sea level elevation at resonance. Nevertheless, because of non-

linearity and frictional effects, complete resonance cannot occur in a real ocean. Therefore
resonance must be interpreted as a strong amplification instead of infinite rise of sea level.

Note that the choice of the forcing values in F (i.e. ηa0, τ
x
0 , τ

y
0 in section 3) only

influences the amplitude of the transient and forced waves, not the structure of the
resonances inherent in (3.5). Thus the forcing can be chosen arbitrarily, as it only slightly
affects the ratio |ηR0(Fr, θ)|/|ηF0(Fr, θ)|, but without any changes to the critical resonant
angles (figure 2a,c).

4. Disturbance crossing a step

An infinite rotating ocean with a step at x = 0 and uniform depths on both sides
is considered (figure 3a). Both a reflected and a transmitted transient free wave are
generated when an atmospherically forced wave crosses a step (figure 3). Using ray theory,
the frequency and the wavenumber parallel to the step of the two transients waves must
match those of the forced wave, i.e. lR = lT = lF = l. Equation (2.25) shows that

KR = KF

√
Fr2d − L̃2

d and KT = KF

√
Fr2s − L̃2

s, (4.1)

where Frd = ω/(cdKF ) and L̃d = f/(cdKF ) are the forcing Froude number and dimen-
sionless disturbance width, respectively, on the deep side of the step. The subscripts d
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and s indicate the deep and shallow sides of the step hereafter. Following V10 but tak-
ing into account the Earth’s rotation, the modified Snell’s law applied to the deep and
shallow sides of the step are

sin θR =
sin θ√
Fr2d − L̃2

d

=
cdKF sin θ√
ω2 − f2

and (4.2)

sin θT =
sin θ√
Fr2s − L̃2

s

=
csKF sin θ√
ω2 − f2

, (4.3)

respectively, which gives different trapped angles for the reflected and transmitted waves:

θtrapR = sin−1(

√
Fr2d − L̃2

d) = sin−1
[√

ω2 − f2/ (cdKF )
]

and (4.4)

θtrapT = sin−1(

√
Fr2s − L̃2

s) = sin−1
[√

ω2 − f2/ (csKF )
]
. (4.5)

Again, (4.4) and (4.5) show that θtrapR and θtrapT exist only for super-inertial distur-

bances if L̃2
d < Fr2d < 1+L̃2

d and L̃2
s < Fr2s < 1+L̃2

s, respectively. If the forcing frequency
is lower than the inertial frequency f , the reflected and transmitted transient waves will
always be trapped along the discontinuity in depth.

4.1. Interpretation of the dispersion diagram

A detailed interpretation of the various cases can be made using the dispersion diagram
of figure 3. For super-inertial disturbances, ω > f , three cases are considered. Firstly,
if |θ| < θtrapR, the transients will be reflected and transmitted on both sides of the
step without trapping (figure 3b). Secondly, if θtrapR < θ < θtrapT , the transients will
be trapped on the deep side and transmitted on the shallow side (figure 3c). Finally, if
θ > θtrapT (figure 3d) trapping will occur on both sides of the discontinuity and can be
interpreted as a ‘forced’ double Kelvin wave.

For sub-inertial disturbances, ω < f (figure 3e), both transient waves will be trapped
for any incident angle. The Poincare semi-circles are represented in figure 3b-d to show
the radius changes on either side of the step and the MPR, which is assumed to occur
only on the shallow side. Sub-inertial resonance is represented by a thick dashed line in
figure 3e.

As in section 3, the case when Fr2s > 1 + L̃2
s is omitted because here we are not

concerned with very fast moving storms.

4.2. Step solutions

The reflected and transmitted waves, ηR and ηT respectively, can be expressed in terms
of the wavenumber KF and the incident angle θ of the forcing as

ηR = ηR0 exp [i (yKF sin θ − ωt)] exp

{
(−iKFαdx) |θ| 6 θtrapR,

(KFα
∗

dx) |θ| > θtrapR,
(4.6)

ηT = ηT0 exp [i (yKF sin θ − ωt)] exp

{
(iKFαsx) |θ| 6 θtrapT ,

(−KFα
∗

sx) |θ| > θtrapT ,
(4.7)

where αd =
√
Fr2d − L̃2

d − sin2 θ and α∗

d =
√
sin2 θ + L̃2

d − Fr2d.

Matching the elevation and mass transport, at x = 0, of the forced and reflected waves
on the deep side of the step with the transmitted and enhanced forced waves on the
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Figure 3. (a) Geometry of the step in the (x,y) and the (x,z) planes. (b)(c)(d)(e) Dispersion
diagrams for the free transient waves and relation to the forced wave for different cases. Large
arrows represent the wavenumber vectors of the forced (KF ), reflected (KR) and transmitted
(KT ) waves. The Poincare semi-circles in (b), (c) and (d) and sub-inertial resonance in (e) are
represented by thick dashed lines.
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shallow side gives the reflection and transmission coefficients as the amplitudes of

ηR0 = [γFdMs −FsMd + (MdF0s −MsF0d) (ilf + kTω)] /(∆MdMs), (4.8)

ηT0 = [γFdMs −FsMd + γ (MdF0s −MsF0d) (ilf − kRω)] /(∆MdMs), (4.9)

where γ = hd/hs = (Frs/Frd)
2 > 1, Md = 1− Fr2d + L̃2

d, Ms = 1− Fr2s + L̃2
s and

∆ = [ω (γkR + kT )− ilf(γ − 1)] . (4.10)

The structure of (4.8) and (4.9) shows that there are three ways to generate resonance,
i.e when either Md, Ms or ∆ vanishes.

It will be demonstrated that two kinds of resonance can occur when a disturbance
obliquely crosses a discontinuity in depth and that they are mutually exclusive. One can
only occur for super-inertial disturbances and the other for sub-inertial disturbances.
Thus it is not possible to visualize them in a unique graph and so they must be treated
separately.

4.3. Modified Proudman resonance: Md = 0 or Ms = 0

Considering a storm moving over deep water in a real ocean, Md is unlikely to vanish
because an extremely fast disturbance speed is needed to obtain a Froude number ap-

proaching Frres = (1− f2/ω2)
−1/2

to give MPR in deep water. If Ms vanishes, then
MPR occurs when a super-inertial disturbance crosses a step for a specific resonant
shallow water Froude number Frres greater than 1 (figure 4b). The classic Proudman
resonance occurs at the step for fast moving storms in a non-rotating ocean when Frs ≈ 1
for all incident angles enhancing the transmitted wave amplitude. V10 showed that the
reflected wave amplitude is almost zero for all incident angles and Frs. Here for a rotat-
ing ocean, super-inertial disturbances conceptually give similar results (figure 4a,b), but
for Frs = Frres > 1 instead of Frs ≈ 1.

4.4. Sub-inertial resonance: ∆ = 0

As (4.10) is complex, this resonance can occur only when both kR and kT are complex and
figure 4 shows that the frequency must be sub-inertial (ω < f). Sub-inertial disturbances
can generate a new kind of resonance which magnifies both transmitted and reflected
waves at a critical incident angle θScrit (figure 4c,d).

We can write ∆ in (4.10) in terms of θ and KF as

∆ = iKF

[
ω

(
γ

√
sin2 θ + L̃2

d − Fr2d +

√
sin2 θ + L̃2

s − Fr2s

)
− f(γ − 1) sin θ

]
. (4.11)

Thus there exists a critical angle θScrit for which ∆ vanishes. It is possible to determine
θScrit numerically but it can also be found by the intersection of two curves described in
sub-section 4.5. The next sub-section explores the dispersion relation of double Kelvin
waves (DKWs) which are linked to this sub-inertial resonance.

4.5. Sub-inertial resonance and double Kelvin waves.

Longuet-Higgins (1968a) showed theoretically the existence of DKWs trapped along a
discontinuity of depth in a rotating ocean. These types of motion exist only at sub-
inertial frequencies and always travel in the direction of Kelvin waves in the deeper
fluid, i.e. having the shallower water to their right in the Northern Hemisphere. Their
phase speed is always greater than the corresponding Kelvin-wave phase speed (on the
deeper side) to which they may tend whenever f2/(mcd)

2 > 1 (where m is the along-step
component of the free DKW wavenumber) (Longuet-Higgins 1968a).
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Figure 4. (a)(c) Magnitude of the reflected, |ηR0|, and transmitted, |ηT0|, free waves relative
to the shallow water forced wave |ηF0s| under a (a) super- (ω/f = 1.5) and (c) sub-inertial
(ω/f = 0.5) disturbance crossing a step for a range of disturbance incident angles, Frd = 0.2
and Frs = 0.8. (b) Magnitude of |ηF0s|, |ηR0| and |ηT0| generated by a super-inertial (ω/f = 1.5)
disturbance crossing a step for a range of shallow water Froude numbers, Frd = 0.2 and θ = 60◦.
(d) Magnitude of |ηT0| relative to |ηF0s| under a sub-inertial (ω/f = 0.5) atmospheric distur-
bance crossing a step for Frd = 0.2 and a range of disturbance incident angles and shallow water
Froude numbers. The thick dashed line represents sub-inertial resonance.

The incident angle θdk = sin−1(m/KF ) corresponding to m for a given wavenumber
forcing KF can be found by the intersection of the two families of curves:

F (γ, σ, θ, f) = −γ− 1

2KF sin θdk
√
f2/σ2 − 1, (4.12)

G(cd, σ, θ, f) = KF sin θdk

(√
1 + (f2 − σ2) / (cdKF sin θdk)

2 − f/σ

)
, (4.13)

where σ denotes the angular frequency of the free DKW. Equations 4.12 and 4.13 are the
relations found by Longuet-Higgins (1968a, equations (3.23) and (3.24)) generalized for
any f > 0 and m and reinterpreted for the geometry of figure 3a. This gives the incident
angle:

θdk = sin−1


Frd

√√√√
f2/σ2 − 1

(
f/σ − γ−

1

2

√
f2/σ2 − 1

)2

− 1


 , (4.14)
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which is the same as the critical angle θScrit in (4.11) for which ∆ vanishes when σ = ω
(figure 4d). This study shows that resonance can occur at a discontinuity in depth when
the along-step component of the phase speed of the forced wave (ω/l) matches the double
Kelvin-wave phase speed (σ/m).
Note that if hd >> hs, the critical angle of resonance tends to sin−1(Frd) (figure 4d)

as in section 3 for a vertical coast. From figure 4d, note that there is minimum shallow
water Froude number under which no resonance can occur for any θ. In fact there is a
minimum γ, which can be written from (4.14) when θdk → π/2, as

γmin =
(
f2/ω2 − 1

)(√
Fr2d (f

2/ω2 − 1) + 1− f/ω

)
−2

. (4.15)

Thus for a given hs, the depth on the deep side must be greater than hd = hsγmin (i.e.
the shallow water Froude number must be greater than Frs(min) = Frd

√
γmin, figure

4d) for resonance to be possible. In other words, sub-inertial resonance can only occur
for sufficiently large steps.

5. Disturbance crossing a continental shelf

An idealized step-shelf topography is considered (figure 5). As the disturbance crosses
the shelf break (x = 0), a transient free wave, R1, is reflected back into deep water
and a larger free wave, T , is transmitted onto the shelf. The transient wave T is then
reflected at the coast and either reflected or partly transmitted (by leakage) into the
deeper side at the shelf break (figure 5b) (V10). In a rotating ocean, super-inertial free
waves crossing a step from the shallower side will be totally reflected if the incident angle
exceeds sin−1(cs/cd), which is independent of the Coriolis parameter (Longuet-Higgins
1968a). LeBlond & Mysak (1978) gave the same angle for total reflection at a step in a
non-rotating ocean. Thus T is totally reflected at the step and consequently trapped on
the shelf if the incident angle of the forcing exceeds the critical angle |θ| = θtrapR.
If |θ| < θtrapR, then the transient waves, after being reflected at the coast, will be at

least partially transmitted (leaked) to deep water at the shelf break (figure 5b) (Longuet-
Higgins 1968a; V10). The transmitted wave T is internally reflected over the shelf for
θtrapR < |θ| < θtrapT and acts as a forced Poincare wave trapped on the shelf which can
be a source of excitation of edge wave modes. For θ > θtrapT , T is trapped and forms an
exponentially decaying wave on the shelf, acting as a ‘Forced Kelvin wave’ on the shallow
side of the shelf break.

A free reflected wave, R2, is also generated when the disturbance crosses the coast
(x = W ) and will have the same direction as the transient T after reflection from the
coast. Thus, the transient R2 will have the same fate as T depending on the incident
angle of the disturbance. However, as commented on by V10, the standing wave form
of R2 can exchange water with the trapped decaying exponential wave in deep water.
Hence R2 cannot generate resonant conditions at the step in a non-rotating ocean (V10),
and will not be discussed here.

5.1. Shelf solutions

The amplitude reflection coefficient of a reflected plane Poincare wave against a verti-
cal coast (at x = W ) is written in the form (LeBlond & Mysak 1978, p. 199): Rp =
(ωkT + if l)/(ωkT − if l). Thus a trapped transient T over the shelf may be written as a
superposition of two plane Poincare waves as (LeBlond & Mysak 1978):

ηT = η′T0 cos [kT (x−W )− φkT
] exp [i (ly − ωt)] , (5.1)



16 S. Thiebaut and R. Vennell
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Figure 5. (a) Idealized topography of the step shelf. (b) Schematic ray paths for the transients
generated by an atmospheric disturbance crossing the continental shelf. Only the case θ < θtrapR
is shown, but the transients R and R2 are trapped if θ > θtrapR as well as T if θ > θtrapT . When
θ > θtrapR, no leakage occurs.

where φkT
= arg(ωkT +if l) = tan−1[fl/(ωkT )]. As a consequence of the sinusoidal struc-

ture of the transient response in 5.1 (which becomes an hyperbolic-sinusoidal structure
for trapped transients), the transient amplitude (i.e. ‘η′T0 cos [kT (x−W )− φkT

]’ in (5.1))
is a function of x across the shelf. Thus the form of the transmitted transient can be
written

ηT = ηT0(x) exp [i (ly − ωt)] , (5.2)

where, within the interval x = [0,W ],

ηT0(x) = η′T0

{
cos [KFαs(x−W )− φ] |θ| < θtrapT ,

cosh [KFα
∗

s(x−W )− φ∗] |θ| > θtrapT ,
(5.3)

in which φ = tan−1 [f sin θ/(αsω)] and φ
∗ = tanh−1 [−f sin θ/(α∗

sω)]. Figure 6 shows the
shape of four different trapped free wave modes that can resonate with the forced wave
depending on frequency and incident angle of the disturbance and the shelf width.
By combining (5.1) and (2.1)-(2.2), the component of cross-shore velocity on the shelf

has the form

uT = gη′T0i
kTω sin [kT (x−W )]

(ω2 − f2) cosφkT

exp [i (ly − ωt)] , (5.4)

which can be written in terms of KF and θ as:

uT = igη′T0ωKF exp [i (KF sin θy − ωt)]

{
αs

sin[KFαs(x−W )]
(ω2

−f2) cosφ |θ| < θtrapT ,

α∗

s
sinh[−KFα∗

s
(x−W )]

(ω2
−f2) coshφ∗

|θ| > θtrapT .
(5.5)

Matching the elevation and mass transport at the step, x = 0, of the reflected wave
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Figure 6. Shape of the wave modes that can be excited on the shelf by (a) super-inertial and
(b) sub-inertial disturbance for different dimensionless shelf widths KFW . EW = edge wave;
KW = Kelvin wave; DKW = double Kelvin wave; CSW = continental shelf wave. The vertical
dashdot lines represent the coastline (at x = W ) when (a) KFW = 0.5 and (b) KFW = 0.5 and
KFW = 2; when KFW = 7, the coastline is on the right edge of the graphs.

and the deep water forced wave with this transmitted wave and the enhanced forced
wave over the shelf gives the transmission coefficient as the amplitude of

ηT0(x) =
[γFdMs −FsMd + γ (MdF0s −MsF0d) (ilf − kRω)]

∆sh(x)MdMs
, (5.6)

where

∆sh(x) =

[
−iωkT

sin(kTW )

cosφkT

+ γ(kRω − ilf) cos(kTW + φkT
)

]
{cos[kT (x−W ) + φkT

]}−1
.

(5.7)
Modified Proudman resonance can occur for a specific shallow water Froude number

and super-inertial disturbances but, again, the amplitude of the transmitted transient
wave is comparable to the amplitude of the enhanced forced wave on the shelf, similar
to figure 4b for a step.

As we are interested in storm surges, we shall express ∆sh(x) in terms of KF and θ at
the coast, x =W , as:

∆sh[x=W ] = KF





iωαs
sin(−KFαsW )

cos2 φ + γ(αdω − if sin θ) cos(KFαsW+φ)
cosφ |θ| 6 θtrapR,

iωαs
sin(−KFαsW )

cos2 φ + iγ(α∗

dω − f sin θ) cos(KFαsW+φ)
cosφ θtrapR < |θ| < θtrapT ,

iωα∗

s
sinh(KFα∗

s
W )

cosh2 φ∗
+ iγ(α∗

dω − f sin θ)
cosh(KFα∗

s
W+φ∗)

coshφ∗
|θ| > θtrapT .

(5.8)
Figure 7 shows the magnitude of the transmitted wave relative to the forced wave

crossing a step shelf for a range of nondimensional shelf widths, KFW , and incident
angles in order to show the possible wave mode excitations for super- and sub-inertial
disturbances for three different Frs.

5.2. Edge wave resonance at the coast

For super-inertial disturbances (figure 7a-c), edge-wave modes (with frequencies greater
than f) can be excited if θtrapR < |θ| < θtrapT when the phase speed of the disturbance
along the coast matches the alongshore phase speed of one of the infinite discrete set of
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Figure 7. Amplitude of transmitted wave transient |ηT0|, (5.2), relative to the amplitude of
the forced wave |ηF0s|, (2.8), at the coast, x = W , as a function of dimensionless shelf width
and incident angle for Frd = 0.2 and (a)(d)Frs = 0.5, (b)(e)Frs = 0.9 and (c)(f)Frs = 1.1
considering a (a)(b)(c) super- and (d)(e)(f) sub-inertial disturbance crossing a step shelf. Thick
dashed lines indicate the edge / Kelvin / double Kelvin / shelf wave mode excitations. Contour
levels of 1 and 2 are represented by thin and thick solid lines, respectively. Trapped and critical
incident angles are shown by thin vertical dashed lines. The thick horizontal dot-dashed line in
(e) represents the minimum dimensionless shelf width KFWmin for shelf wave excitation.

edge waves (propagating with the coast either on the right or left) (Munk et al. 1970;
Huthnance 1975; Johns & Lighthill 1993; Lighthill 1998). The transmitted wave response
for positive and negative incident angles is asymmetric because of the Earth’s rotation.
V10 showed only the transient responses for positive angles because Coriolis effects were
neglected and thus the responses were symmetric.

5.3. KW resonance at the coast

Figure 7a,b,d,e shows that resonance occurs on a wide shelf for the critical angle θcrit2 =
sin−1(Frs), which corresponds to the critical angle found in section 3 for the vertical
coast. Note that, on a wide shelf, the KW amplitude at the coast is relatively small for
sub-inertial disturbances (figure 6b) and resonance may be weakened. For the special
case of KFW = 0 (i.e. no shelf) the critical angle becomes θcrit1 = sin−1(Frd).

A unique KW mode can be excited if θcrit1 < θ < θcrit2 when its alongshore phase
speed corresponds to the phase speed of the disturbance along the coast, propagating
with the coastline on its right (left) in the Northern (Southern) Hemisphere. At high
frequencies and alongshore phase speeds (i.e small incident angles), it becomes a right-
bounded fundamental-mode edge wave (Huthnance 1975; Mysak 1980).
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For both sub- and super-inertial sub-critical disturbances moving over wide shelves
(figure 7a,b,d,e), the angle θcrit2 is responsible for the Kelvin wave mode excitation. For
super-critical speed disturbances in shallow water (figure 7c,f), this angle does not exist
at either super- or sub-inertial frequencies, which means that, again, the Kelvin mode
becomes a right-bounded fundamental-mode edge wave (Huthnance 1975; Mysak 1980)
for super-inertial disturbances with θ between θcrit1 and 90o (figure 7c). In this case, the
KW mode disappears for sub-inertial disturbances (figure 7f).

5.4. DKW resonance at the shelf break

For sub-inertial disturbances (figure 7e,f), a single double Kelvin wave mode can be
excited only for disturbances with positive (negative) alongshore wavenumbers in the
Northern (Southern) Hemisphere. For the DKW mode, several limiting cases are of in-
terest. Firstly, when KFW → 0 (i.e. no shelf), figure 7e,f shows that the critical angle
for DKW mode excitation tends to θcrit1 = sin−1 Frd, consistent with the results for a
vertical coast (section 3). Secondly, as in section 4 for a step, the DKW mode cannot be
excited for shallow water Froude number smaller than Frs(min) = Frd

√
γmin (figure 7d).

Thirdly, for relatively wide shelves, the solution for ηT (5.1) should exhibit exponential
decay (as in section 4) rather than sinusoidal behavior. Thus the unique angle of exci-
tation becomes θ ≈ θdk of (4.14) (step case). Finally, for very wide shelves (upper part
of figure 7e,f), the trapped transient generated at the step, responsible for the possible
DKW excitation if ω < f , is enhanced only for an extremely narrow angle range, which
indicates that mode excitation is less likely to occur. Furthermore, the trapped transient
amplitude (decaying exponentially on both sides of the step) is too small at the coast
to possibly excite the KW mode, for both super- and sub-inertial frequencies. Note that
the narrowing of the DKW mode excitation for wide shelves is due to the fact that we
presented only the transmitted wave amplitude at the coast, x = W . Considering the
response at the step, x = 0, the DKW mode can be excited for any shelf width and this
shows similar results (not shown) to section 4. In other words, although the exponential
decaying transient it is not ‘felt’ at the coast for wide shelves, resonance can still occur
at the shelf break (figure 6b).

It should be noted that if Frs < Frs(min) = Frd
√
γmin, the DKW mode cannot exist

at sub-inertial frequencies (as θdk does not exist) but is replaced by the Kelvin mode
which occurs for θcrit1 6 θ < θcrit2 (figure 7d).

5.5. The shelf wave resonance

On a step shelf, only the first mode shelf wave can be excited (Larsen 1969; Munk et al.

1970; Huthnance 1975). It can be excited when θ > θcrit2 for relatively narrow shelves
only for right (left) bounded forced waves in the Northern (Southern) Hemisphere (figure
7e). Only frequencies smaller than

ωmaxSh = f(γ − 1)/(γ + 1) (5.9)

can excite this mode for large angles of incidence (figure 7e) (Munk et al. 1970, figure
6 and equation (31)). Disturbances with frequency greater than ωmaxSh will excite the
KW mode for small incident angles between θcrit1 6 θ < θcrit2 (not shown), similar to
the previous remark for low Frs (sub-section 5.4). Following Munk et al. (1970, equation
(30)), for small l (bottom part of figure 7e), the shelf wave dispersion relation for a step
shelf of width W becomes

σsh ≈ fλlsh
(
1− γ−1

)
γ−1/2 tanh

(
γ1/2Wλ−1

)
, (5.10)

where λ = cd/f is the ‘inertial length’, σsh and lsh are the frequency and alongshore
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wavenumber of the ‘free’ shelf wave, respectively. The shelf wave alongshore phase speed,
σsh/lsh, decreases as W reduces. Therefore, the alongshore phase speed of the forced
wave, ω/(KF sin θ), must decrease (i.e. the incident angle θ must increase) to excite the
shelf wave mode (bottom-right part of figure 7e). Furthermore, the minimum shelf width
under which no shelf mode can be excited can be approximated when θ → 90o by

KFWmin ≈ λKF√
γ

tanh−1

[
ω
√
γ

λfKF (1− γ−1)

]
. (5.11)

This approximation becomes more precise when ω → 0 (as l → 0 for constant speed U),
consistent with Munk et al. (1970).

5.6. Further limiting cases of interest

Rotational effects are assumed to be important if the forcing length scale, L, is greater
than half of the Rossby radius of deformation in shallow water, Lr (i.e. if L > cs/(2f)).
Thus if ω/f > 4πFrs the rotation can be safely neglected and the critical angle θcrit2
becomes θtrapT (i.e. the Kelvin mode is replaced by the fundamental edge wave mode).

For γ >> 1 (i.e. hd >> hs), the angle for the DKW mode becomes the same as for
the KW mode, θdk ≈ θcrit1, consistent with Longuet-Higgins (1968a). When θ → 0, only
the leaky mode can be excited by super-inertial disturbances (figure 7a-c) and no wave
modes can be excited at sub-inertial frequencies, except for the unrealistic case of infinite
depth hd (as θcrit1 → 0). When θ → 90o, depending on γ and KFW , all the wave modes
described here can be excited, consistent with Mysak (1969) for DKWs, Thomson (1970)
for Kelvin waves and, for instance, Munk et al. (1970) for edge and shelf waves. For a
super-inertial disturbance propagating along the shelf, wave mode excitation can occur
only if Frs > 1 (figure 7c). If 1 < ω/f < (L̃−2

s + 1)1/2, only the Kelvin / fundamental
edge wave mode can be excited (because θtrapT is real and smaller than 90o in 4.5).

If ω/f > (L̃−2
s + 1)1/2, an infinite set of edge waves can be excited, consistent with

Snodgrass et al. (1962) and Munk et al. (1970).

6. Discussion

The previous sections show that different kinds of resonance and amplification of tran-
sient waves generated by atmospheric disturbances occur for different topographic sce-
narios depending on multiple variables: disturbance incident angle, frequency and width,
as well as Froude number and Rossby radius of deformation. Table 1 summarizes the
modes that can be excited on a step shelf for a range of incident angles, considering both
sub- and super-inertial disturbances.

LeBlond & Mysak (1978, p. 553) demonstrated theoretically that the longshore com-
ponent of the wind stress evaluated at the coast is the primary forcing mechanism for
low-frequency shelf waves, for any storm incident angle. Adding to this, it is shown here
that the shelf wave amplitude can be enhanced due to resonance for a specific large inci-
dent angle (figure 7e). This remark is also valid for super-inertial disturbances generating
edge-waves but for smaller incident angles (figure 7a-c). Huthnance (1975) demonstrated
the existence of three types of barotropic trapped modes on any straight continental
shelf of monotonic depth profile: an infinite discrete set of sub-inertial ‘continental-shelf
waves’, a single low-frequency, low wavenumber Kelvin wave and an infinite discrete set
of super-inertial ‘edge waves’. Here, for a step shelf profile, only the first-mode shelf wave
can be excited (Larsen 1969; Munk et al. 1970) and only at sub-inertial frequencies. In
addition, a unique sub-inertial DKW mode can be excited on a step shelf.

The forced wave analyzed in this paper is assumed to have a sinusoidal form with
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Table 1. Wave modes that can be excited by a super- and sub-inertial atmospheric
disturbance crossing a step shelf with an incident angle θ.

Frequency Incident angle Wave mode excitation

ω > f
θtrapR < |θ| < θtrapT Edge wave modes (figure 7a-c)

|θ| < θtrapR Leaky mode (figure 7a-c)
θcrit1 < θ < θcrit2 KW mode (figure 7a,b)
θcrit1 < θ < 90o KW mode, only if Frs > 1 (figure 7c)

ω < f
θcrit1 < θ 6 θdk DKW mode, only if Frs > Frs(min) (figure 7e,f)
θcrit1 6 θ < θcrit2 KW mode, only if Frs < Frs(min) (figure 7d)
θcrit1 6 θ < 90o Shelf mode, only if Frs(min) < Frs < 1

and ω < f(γ − 1)/(γ + 1) (figure 7e)

wavefronts parallel to each other (equation (2.8)), which could be induced by certain
types of atmospheric disturbance (i.e. atmospheric gravity waves, atmospheric jumps)
considering minor wind stress effects. Nevertheless, the forced wave induced by an atmo-
spheric cyclonic motion (i.e. hurricane) is more closely represented by a two-dimensional
Gaussian-type shape with finite diameter. Although the direction spectra of the forced
wave have a higher amplification in the direction of its propagation, it radiates/spreads
in a range of directions (similar to the swell energy). Thus, a moving storm crossing the
coast or shelf break is able to generate resonance even if its incident angle does not match
precisely the resonant conditions found in this study. However, the transient amplifica-
tion will be stronger for a disturbance with incident angle at or near the critical angle.
Figure 7 shows that as the disturbance time scale increases (i.e. as KFW decreases), the
range of angles over which the sea level is significantly amplified expands.
Storms generate ocean waves at all frequencies. However, the predominant response

depends strongly on the duration of the passage of the atmospheric forcing over a fixed
location (Gordon & Huthnance 1987; Tang et al. 1998; Ke & Yankovsky 2011). Thus it
is important to distinguish a storm as a super- or sub-inertial disturbance, depending on
its passage time.

6.1. Super-inertial responses

Edge waves can be generated only by super-inertial disturbances (i.e. small fast mov-
ing storms). They can propagate with the coast either on their right or left. Yankovsky
(2009)’s numerical experiments supported an interpretation of the alongshore storm surge
evolution induced by Hurricane Wilma’s landfall on the west coast of Florida in 2005 as
the generation of a large spatial and temporal scale edge wave of period ≈ 6h and prop-
agation speed O(10 m s−1). Yankovsky (2009) showed that a fast-moving storm system
crossing a sloping shelf profile at a right angle produces a nearly symmetrical response
of two edge wave trains propagating in both directions. When the storm’s incident an-
gle deviates from the normal approach, most of the edge wave energy propagates in the
direction of the alongshore component of the forced wave’s translation velocity. Here we
add that, using a step shelf profile, the leaky mode will be preferentially excited by a
normally incident forced wave. Therefore, storms crossing the shelf with inclined angles
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can plausibly cause greater surges and are more likely to retain higher edge wave energy
within the shelf after the storm passage.

Fritz et al. (2007) and Irish et al. (2008) made a storm surge comparison between
Hurricane Katrina, reaching Category 5 intensity (Saffir-Simpson Hurricane Scale) over
the central Gulf of Mexico and weakening to a Category 3 at landfall (2005), and Camille
(Category 5 at landfall, 1969). Both hurricanes moved at similar speeds over the shelf,
approximately 6.7 m s−1, but had slightly different tracks and incident angles (Fritz et al.
2007, figure 1). Fritz et al. (2007) attributed the massive storm surge produced by Katrina
to the huge size of the storm and the large northward-propagating swells generated in
the hours before landfall. The numerical simulations of Irish et al. (2008) demonstrated
that storm size plays an important role in hurricane surge generation in coastal areas.
Here it is suggested that the different angles of incidence combined with the widths of
the hurricanes have played an important role in the enhancement of Katrina’s storm
surge. Using RMW and central atmospheric pressure values of Irish et al. (2008) and
applying (2.20) with C = 1.79, Katrina (L ≈ 175 km) and Camille (L ≈ 79 km) both
had super-inertial frequencies, ω/f ≈3 and 7, respectively. It is possible that Camille
excited principally the leaky mode when it crossed the shelf break almost at right angles.
Energy may have spread in all directions away from the coast. However, considering an
ideal step shelf of the area (hs = 25 m, hd = 2500 m and W = 140 km), the second
edge wave mode would have been predominantly excited by the passage of Camille.
Hurricane Katrina crossed the shelf break with a slightly inclined angle (θ ≈ 15o) and
the fundamental edge-wave mode was more likely to be excited.
The recent fast moving storm Xynthia which hit the west coast of France had an

unexpected large surge on the west coast of France (Grumm 2010). The storm’s forward
speed was approximately 20 m s−1 and its minimal surface atmospheric pressure was
about 967 hPa at landfall. Using (2.19) and (2.20) with C = 1.85, Xynthia’s length scale
was roughly 300 km, which gives ω/f ≈ 4. The storm crossed the shelf break nearly
at right angles. In order to crudely represent the topography under the storm track off
the west coast of France, a step shelf (hs = 100 m, hd = 5000 m and W = 160 km) is
considered. The storm’s passage over this ideal shelf would result in the excitation of the
leaky and/or fundamental edge-wave mode (depending on the energy spread around the
principal incident angle), suggesting the enhancement of the expected surge level. The
most affected regions were ‘Vendee’ and ‘Charente Maritime’. Stronger wind speeds on
the right-hand side of the storm track due to the additional storm forward speed might
also be a reason for the exceptional surge recorded in these areas.

6.2. Sub-inertial responses

The most observed barotropic sub-inertial responses of the ocean to large and/or slow
moving storms over shelves are in the form of Continental shelf waves (CSWs).

Storm-driven CSWs of frequency of about 0.6f were observed and modelled over the
Scottish continental shelf (Gordon & Huthnance 1987). The step shelf of the region can
be approximated as: hs = 150 m, hd = 1500 m and W = 180 km. Most common storms
in this region have a positive incident angle relative to the normal of the shelf break and
may lead to resonance with free CSWs. Using the present model, the storm’s forward
speed, U , and frequency, ω/f , must be smaller than 38.3 m s−1 and 0.82, respectively
(table 1). Thus large sub-inertial frequency storms are likely to respect those limiting
values and excite the shelf wave mode.

Thiebaut & Vennell (2010) noted a fast sub-inertial barotropic continental shelf wave
that propagated along the Atlantic coast of Canada after Hurricane Florence crossed the
Newfoundland shelf with a forward speed of ≈ 11 m s−1 and time scale of 26−30h (i.e.
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ω/f ≈ 0.6). The response of the sea surface was observed at the coast and interpreted
as the generation of a CSW. The incident angle of Hurricane Florence was far from
the resonant angle for shelf wave excitation, which suggests that energy from the finite
breadth disturbance was spread across many directions.

Storm surges generated by sub-inertial disturbances can plausibly be enhanced by the
excitation of the DKW and CSW modes.

Signorini et al. (1992) used numerical simulations to study hurricane-induced surges
and currents on the Texas-Louisiana shelf. They pointed out that the range of storm
angles associated with the maximum surge generation is within 20◦ counterclockwise
from the shore-normal direction, consistent with the critical angle for sub-inertial reso-
nance (DKW mode excitation) found in sections 4 and 5, assuming Frd < 0.342 and a
sufficiently large step.
As-Salek & Yasuda (2001) used a numerical model to study the effects of cyclone

landfall on the Noakhali−Cox’s Bazar coast of Bangladesh. They found that the highest
surges are induced by slow moving cyclones with a large radius, making landfall in the
northernmost estuary with a small crossing angle (≈ 30o) with the coastline (i.e. θ ≈ 60o

here). Using an ideal step shelf of the region (hs = 120 m, hd = 1500 m and W = 150
km) the present model demonstrates that a sub-inertial disturbance (ω/f = 0.8) of large
length scale (L = 500 km) crossing the shelf break can excite the shelf wave mode and
the maximum response occurs when the incident angle θ approaches 60o.

6.3. Further remarks

In the present formulation, due to the choice of simple step shelf topography, a single
shelf wave mode exists (e.g. Larsen 1969; Munk et al. 1970). However an infinite number
of shelf wave modes can be excited for the case of a more realistic sloping shelf (e.g.
Huthnance 1975; Carton 1984) or exponential shelf profile (e.g. Buchwald & Adams
1968; Munk et al. 1970).

Furthermore, the vertical cliff considered in this paper (figure 3) is a crude approxima-
tion of a shelf break in a real ocean and results show the response of a unique trapped
double Kelvin wave. Longuet-Higgins (1968b) showed the existence of an infinite set of
trapped progressive waves along a more realistic seascarp where the depth varies contin-
uously, in a zone separating two regions of different depths. He found that in the limit
as the transition region tends to zero, the lowest-mode wave reduces to a double Kelvin
wave while the higher-mode waves become steady currents. More work is required to in-
vestigate the possible infinite set of DKW responses to atmospheric disturbances crossing
a smooth continuous depth profile.

As discussed by V07 and V10, the enhancement of Proudman resonance (here MPR)
develops slowly after a storm crosses the shelf break. The amplitudes of the forced and
transmitted waves are of opposite signs at the shelf break. Thus the MPR effect on
the resulting sea level is reduced by the (depressed) transmitted wave. The forced and
transmitted waves separate on the shelf due to their differing speeds and propagation
directions. V07 showed that near-critical storms require a very wide shelf to fully develop
the enhanced forced wave. The separation develops more quickly for very slow or very
fast disturbances, allowing narrow shelves to enhance the Proudman resonance. However,
this enhancement is small for non-critical storms (V07;V10). V10 pointed out that the
separation occurs more rapidly for storms crossing the shelf break near the critical angle
and can provoke a larger surge at the coast, even for narrow shelves. The same feature
is detected here for super-inertial disturbances with incident angle near θtrapT (figure
8a). Nevertheless, it does not correspond to the critical incident angle θcrit for which
MSCR occurs (which was the same as θtrapT in V10). Therefore, even if the separation
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Figure 8. Distance (relative to L) between the center of a (a) super- (ω/f = 1.5) and (b) sub-
-inertial (ω/f = 0.5) frequency storm crossing the shelf break and the corresponding transmitted
wave after a time equivalent to one time scale Tp. Thick dashed lines represent the critical angles
for (a) MSCR, θcrit, and (b) sub-inertial DKW resonances, θdk. Thin dashed lines in (a) are the
trapped angles.

is faster near θtrapT , the resulting surge is expected to be relatively small compared to
a disturbance with incident angle near θcrit over a shelf of larger width. For sub-inertial
disturbances (figure 8b), the fastest separation occurs when the storm crosses the shelf
at right angles. But again the DKW resonance cannot occur for this incident angle. Thus
for the same Frs, a storm crossing the shelf near the resonant angle θdk needs more time
to fully develop the transient wave compared to normal incidence, but the resulting surge
may be larger once developed.

Rego & Li (2009) used a storm surge numerical model and found that increasing the
translation speed of the storm decreases flooded volumes while increasing peak surges.
This could be explained by the fact that a faster storm is more likely to generate the
modified Proudman resonance creating a strong sea level increase but with a high fre-
quency motion (involving smaller water volume for each oscillation). A slower storm is
able to generate low-frequency wave-modes, involving a larger volume of water.
In this study, on-shore moving disturbances are considered because they are usually

the most devastating events, mostly due to the additional wind induced by the storm
translation speed (which is not taken into account here). However, the analytical resonant
conditions found for three scenarios apply also for offshore-moving disturbances, with
opposite propagation direction affecting only the sign or phase of the transients (V10).

7. Conclusion

In a rotating ocean, the forced wave induced by a moving atmospheric disturbance
can lead to several resonances as it crosses a coast, a step or a shelf. When including the
effects of the Earth’s rotation, the traditional Proudman resonance is replaced by the
Modified Proudman Resonance (MPR), which occurs only for a Froude number greater

than unity due to the effects of the dimensionless disturbance width (L̃). The MPR
is independent of the disturbance incident angle and can occur only for super-inertial
disturbances.

When a storm crosses a vertical coast, sub-critical resonance can occur for a critical
positive incident angle θcrit = sin−1 Fr for which the transient is trapped along the
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coast. This is interpreted as a modified version of sub-critical resonance suggested by
V10, MSCR, which occurs when the alongshore phase speed of the forced wave matches
the free Kelvin-wave phase speed.

Here a new resonance at sub-inertial frequencies is shown to occur as a storm passes
over a sufficiently large step with a critical incident angle θdk (4.14). The existence of
this sub-inertial resonance is consistent with the excitation of double Kelvin waves found
by Longuet-Higgins (1968a).

For a step shelf, the three resonances still occur at the shelf break and the coast.
Nevertheless, the incident angle for strong transient energy can be affected by the finite
width of the shelf, resulting in the possible additional excitation of a unique sub-inertial
continental shelf wave. Sub- and super-inertial storms crossing a shelf have distinct critical
incident angles, dependent on several parameters (Froude numbers on both sides of the
step, storm speed, storm time scale, shelf width, local inertial frequency), which can
generate large transients travelling along the shelf, enhancing the resulting storm surge
at the coast.

For the rotationally influenced forced wave with parallel wavefronts, the Kelvin, dou-
ble Kelvin and shelf wave can only be excited by disturbances with positive (negative)
alongshore wavenumber in the Northern (Southern) Hemisphere. For a more realistic two-
dimensional circular Gaussian disturbance, transients are also generated by disturbances
with incident angle deviating from the critical angles but may have smaller amplitude.
Transients generated by a super-inertial disturbance can travel in both directions along
the shelf/coast and can be further magnified by the MPR for Froude numbers approach-
ing (1− f2/ω2)−1/2. Sub-inertial disturbances can only generate transients propagating
with the coastline on their right (left) in the Northern (Southern) Hemisphere and no
MPR is possible.

Comments from Daryl Coup and the reviewers were much appreciated.
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