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Abstract. Acoustic Doppler Current Profiler measurements from moving vessels have
recently been used to obtain detailed observations of the spatial patterns of tidal flows,
as well as patterns of vorticity and dynamical terms. Developments in Radial Basis Func-
tion interpolation theory are demonstrated to significantly improve the quality of the tidal
velocity field extracted from the measurements using thin plate splines. These include
placing centers at data locations, enforcing “side conditions” on the solution and using
higher order splines. For tidal flows with a scale less than a few kilometers, the differ-
entiability of RBFs can be exploited to fit the streamfunction directly to the measure-
ments. This ensures the observed tidal velocity field satisfies mass continuity. Enforcing
mass continuity is demonstrated to significantly improve the ability of the splines to in-
terpolate across wide gaps between vessel tracks. Extraordinarily detailed ADCP mea-
surements of the tidal streamfunction within Bluff Harbour, NZ, reveal the stagnation
streamline which separates a 200m wide flood tidal jet from an associated 400m diam-
eter eddy. The stagnation streamline clearly shows that the eddy gains its fluid and vor-
ticity from inshore of the jet’s vorticity maximum. The eddy forms at 04:45 hours be-
fore high tide, grows in spiral fashion, and becomes isolated from the jet 02:30 hours be-
fore high tide, after which its vorticity rapidly decays.

1. Introduction

Moving vessel ADCP (MV-ADCP) measurements have
the potential not only to yield the detailed spatial patterns
of tidal currents, but also patterns of vorticity and dynami-
cal terms. For example Geyer and Signell [1990] give ob-
servations of the spatial structure and development of a
tidal headland eddy and Simpson et al. [1990] a vertical
cross-section of tidal flow in a channel. Exploiting improved
ADCP technology, Old and Vennell [2001] achieved 100m
horizontal resolution for the velocities within an ebb tidal jet
and were able to compare its growth, through entrainment of
surrounding water, with classical plane jet theory. These ob-
servational works improve the understanding of the dynam-
ics of the coastal ocean either directly or as verification for
theoretical or numerical models. Vennell [2006] presented
MV-ADCP measurements in a constricted tidal channel of
the 2D spatial pattern of the advection and bottom friction
terms in the depth averaged momentum equation with a
60m resolution. He also gave ADCP measurements of the
free surface, i.e. the “dynamical topography”, found by in-
verting the momentum equation. The ADCP measurements
showed that advection dominated the momentum balance in
the channel, that the free surface was depressed by 7cm in
the highest flow region and that bottom friction resulted in
a 2cm head loss over 500m. The measurements provided
observational support for the numerical modeling results of
Hench and Luettich [2003].

The above observational works used repeated circuit MV-
ADCP measurements, in which a vessel steams around the
same track multiple times during a complete tidal cycle.
These measurements contain information about both the
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spatial and temporal variability of the tidal currents within
the area covered by the circuit. The measurements also have
high spatial resolution along the vessel track, but there are
often wide gaps between vessel tracks, requiring interpola-
tion between tracks, e.g. Geyer and Signell [1990].

To separate spatial and temporal components of the
flow in MV-ADCP measurements Geyer and Signell [1990],
Simpson et al. [1990] and Vennell [1994] spatially binned
measurements from each circuit. The time series of veloci-
ties for each bin was analyzed using conventional tidal analy-
sis techniques to yield tidal current harmonic coefficients for
the bins [Godin, 1972]. The spatial binning technique is sim-
ple to implement, however tidal analysis in adjacent bins is
carried out independently, which may lead to spatially noisy
coefficients. Candela et al. [1992] used 2D Thin Plate Splines
(TPS) to more smoothly represent the spatial structure of
tidal currents. Two dimensional TPS are physically equiv-
alent to placing weights on a thin plate, bending it to fit
the heights given by the data. Muenchow [2000] extended
Candela et al.’s technique to 3D TPS to obtain 3D velocity
structure on the New England Shelf from a combination of
MV-ADCP and moored current meter measurements. The
small data sets of Candela et al. and Muenchow allowed
only a small number of weights to be used and both found
that their TPS velocity fields were sensitive to the number
and location of the weights.

For denser data sets Vennell [2006] showed that, provided
the vessel tracks were sufficiently close, and there are suffi-
cient weights to resolve the smallest spatial scale of interest,
tidal velocity fields found using TPS are insensitive to the
number and location of the weights. For example, to resolve
a feature 10% of the size of the measurement area O(100)
weights are needed. Vennell also showed that with too many
weights the results became worse due to buckling of the TPS
surface between data locations. Vennell ’s work did not ex-
plore where best to place the weights and indicated only an
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order of magnitude for the number of weights required to
achieve insensitivity. His work used too many weights and
employed singular value editing to smooth spline buckling.

The TPS used by Candela et al. are one class of Radial
Basis Functions (RBFs). RBFs are functions which can be
expressed in terms the radial distance from a given center.
Typically there are many centers (called nodes by Candela
et al.), so that RBFs can approximate any continuous func-
tion. RBFs can be used to represent functions in one or
more dimensions, but we will consider only 2D TPS RBFs
in this paper. TPS RBFs have the property of giving the
smoothest interpolating surface, as they have minimum lin-
earized curvature or plate energy (see for example Beatson
et al. [2004]). This smoothness makes them ideal for inter-
polating across wide gaps in the data, such as those between
vessel tracks.

The aims of this paper are to improve the tidal velocity
field extracted from noisy MV-ADCP measurements and to
enable clear delineation of flow structures within the field.
To do this we exploit developments in RBF techniques,
demonstrate their adaptation and extension to repeated cir-
cuit MV-ADCP data and develop a technique to fit the
streamfunction to the velocity measurements. The objec-
tive is to thoroughly develop and test the technique as the
basis for future uses in coastal observational oceanography.
Section 2 summarizes some relevant results from the RBF
literature. Section 3 gives extensions to the RBF techniques
and tests them with synthetic data. Section 4 shows how
to fit the streamfunction to velocity measurements. The
tidal MV-ADCP works mentioned above fitted the velocity
components independently. Fitting the streamfunction en-
sures the components of the predicted velocity field satisfy
conservation of mass. It is demonstrated that this physical
constraint can significantly improve the velocity field derived
from MV-ADCP measurements. Fitting the streamfunction
also has the advantage of being able to easily identify impor-
tant streamlines within the tidal flow, such as the stagnation
streamline which delineates an eddy from its associated tidal
jet. In section 5 we demonstrate the results obtainable from
the RBF tidal analysis of MV-ADCP measurements of a real
flood tidal jet and its associated eddy.

2. RBF interpolation

TPS are a mathematical model for the displacement of
a thin plate which has been constrained to pass through
certain points given by the data. A TPS interpolant mini-
mizes a linearization of the plate’s bending energy. Algorith-
mically this involves placing particular radially symmetric
functions, basic functions, at prescribed locations or “cen-
ters”, choosing the weights to fit the functional surface to
the data. 2D interpolation seeks a functional surface pass-
ing through every data point which can be evaluated be-
tween data locations. Thus for RBF interpolation there
must be as many centers as data points. The focus of this
work is a smoother RBF surface which is the best repre-
sentation of noisy data in a least squares sense. This is
done by having fewer centers than data points and conse-
quently this smoother surface may not pass though any data
point. To obtain this smoother surface we exploit ideas from
RBF interpolation theory. The standard setting for RBF
interpolation is a set of functions F for which there is a
quadratic functional which can be interpreted as a measure
of its smoothness, or energy [Beatson et al., 2004]. For ex-
ample for 2D biharmonic TPS the associated measure of
energy is

E(F ) =

∫

R2

(∂2F

∂x2

)2
+ 2

( ∂2F

∂x∂y

)2
+

(∂2F

∂y2

)2
dxdy, (1)

where R2 is all of 2D space. It can be shown that for a mea-
sure of smoothness of the form (1), and under weak condi-
tions on the geometry of the centers, the unique smoothest
interpolatant is an RBF, i.e. a function of the form

S(x) = P (x) +

N∑
n=1

λnΦ(|x− yn|), (2)

where Φ is a fixed function, {yn} are location vectors of
the N RBF centers and P is a polynomial of degree K. In
this paper bold face x and y are vectors with components
x and y. The Φ(|x − yn|) term in (2) depends only on the
distance |x− yn| between the location x and the center yn.
As a function of x, the shifted basic function Φ(|x − yn|)
is radially symmetric about yn. Equation (2) is rewritten
more explicitly in equation (14) of the appendix. The RBF
weights λn must satisfy the side conditions

N∑
n=1

λnp(yn) = 0, (3)

for all polynomials p of degree K or less. For example, for a
2D linear polynomial, K = 1, (3) must hold separately for
p = 1, p = x, and p = y. Equation (13) in the appendix gives
an example of these side conditions in matrix form. The side
conditions (3) have the effect of constraining the growth of
the RBF as |x| → ∞, and localizing the energy of the RBF
to regions near the centers. To be the smoothest interpolat-
ing function passing through every data point, centers must
be placed at every data location i.e. the N center locations,
{yn}, are the same as the L data locations, {xn} and N
must equal L.

One class of RBFs (2) are the TPS. The lowest order
continuous TPS in R2 are the biharmonic TPS for which
the basic function Φ in (2) is a multiple of the Green’s
function, or fundamental solution, of ∇4f(x) = g(x). In
2D the basic function is Φ(x) = |x|2 log |x|, the polyno-
mial P in (2) is linear (p = 1, x or y) and the condition
on the geometry of the centers is that they do not all lie
on a single straight line. This condition ensures that the
side conditions (3) are linearly independent. Taking the
limit as x → 0 using L’Hôpital’s rule shows that the ba-
sic function,Φ(x) = |x|2 log |x|, is zero at 0. Consequently
the biharmonic TPS is continuous everywhere. The bihar-
monic’s first derivatives are also continuous everywhere. It
is this continuity in first derivatives which gives TPS their
visual smoothness. However second and higher derivatives
of biharmonic TPS are not continuous. The next highest
order TPS are the triharmonic TPS. In 2D the correspond-
ing basic function is Φ(x) = |x|4 log |x|, the polynomial P
is quadratic (p = 1, x, y, x2, xy or y2) and its measure of
energy has third derivatives in the integrand of (1). The
smoother triharmonic TPS have continuity up to and in-
cluding their third derivatives.

There are many consequences of the smoothest inter-
polant property of (2). In particular the uniqueness implies
that any other interpolant has higher energy. This includes
interpolants of the same form as (2) where some of the cen-
ters of the RBF are not located at the data locations. This
argues very strongly for using data locations as the centers
of an interpolating RBF. Furthermore, the side conditions
(3) are necessary for (2) to be the smoothest interpolant. In-
deed in many cases, including biharmonic and triharmonic
TPS, far field expansions show that the energy integrals of
the form (1) are infinite if the RBF does not satisfy the
corresponding side conditions (3).

In this paper the focus is on data with significant noise
and we seek a smoother RBF surface which best represents
the data in a least squares sense by using few centers than
data points. Currently there is no theory to support an
RBF as the smoothest surface for this least squares fit, how-
ever smoothest interpolation theory motivates us for a least
squares RBF to
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Figure 1. Comparison of center selection schemes for biharmonic Thin Plate Spline RBF fit to a syn-
thetic eddy. a) Average RMS difference between fit predictions and Gaussian eddy for 50 sets of randomly
located centers (thin solid line) and randomly selected data point centers (thick dashed line). The gray
area gives the replicate variability interval (RVI) for the 50 sets of randomly selected data point centers.
The thick solid line is RMS difference for a single “greedy fit”. The inset shows the vessel track and eddy
location. b) RMS differences for centers evenly spaced along the vessel track (circles) and evenly gridded
centers (stars). Thick solid line is the greedy fit.

1. Place the centers at data locations.

2. Require that the side conditions be satisfied in order
that the fit has finite energy.

Tests supporting these choices are given below. The RBF
interpolation literature is huge and Beatson et al. [2004] and
Meinguet [1979] cover much of the theory in an applications
motivated manner for the non-specialist.

To obtain the RBF weights and polynomial’s coefficients
the overdetermined set of equations which result from using
a function of the form (2) to approximate the observations
in the least squares sense is solved. The system has the form

Dw ≈ [d] where D = [A P] (4)

Here D is the least squares “design matrix”, d is the vec-
tor of the measured surface heights and w = [λ; β] is
the vector of RBF weights, made up of the coefficients λj

of the shifts of Φ(x) and polynomial coefficients βj . Let
xd

1, . . . ,x
d
L be the measurement locations, y1, . . . ,yN be

the RBF centers, and {pk} be a basis for the polynomial
space, e.g. the functions {1, x, y} for linear polynomials in
2D. Then Aij = Φ(|xd

i − yj |), the polynomial P in (2) is
P (x) =

∑
k

βkpk(x), and Pik = pk(xd
i ). Equations (12) and

(13) in the appendix detail the entries in the design matrix
and the constraint equations. For a linear polynomial in 2D
the design matrix, D, is L by N +3 in size and for the work
presented here it is heavily over determined, with an order
of magnitude more rows than columns. Using many fewer
centers than data points results in both a smoother and a
computationally more tractable fit. Once (4) is solved for
the coefficients w the surface height can be evaluated at any
location vector x using (2).

To obtain a fitted surface with finite energy, we solved
the over determined rectangular set of equations (4) sub-
ject to the side conditions (3) as linear equality constraints
on the least squares solution. The computation was per-
formed using the null space method and QR factorization
(see for example Bjorck [1996]). The constraints do not add
additional parameters but are conditions the RBF weights
must meet. Constrained least squares solution algorithms
are part of public domain numerical software libraries such
as LAPACK. LAPACK routines are available in FORTRAN
and C, and are incorporated into MatLab.

3. RBF Tidal analysis

Extending the RBF representation to allow for tidal vari-
ation, we use (2) to represent the spatial structure of the
tidal current harmonic coefficients. In mathematical terms
our approximation is the tensor product of an RBF for the
spatial variation with a trigonometric function for the time
variation. More explicitly, the horizontal components of
tidal velocity, (u(x, t), v(x, t)), are represented as

u(x, t) = F u
0 (x) +

M∑
m=1

[
F u

m(x) cos(ωmt)

+ Gu
m(x) sin(ωmt)

]
,

v(x, t) = F v
0 (x) +

M∑
m=1

[
F v

m(x) cos(ωmt)

+ Gv
m(x) sin(ωmt)

]
. (5)

Here all the functions F (x) and G(x) are RBFs of the form
(2) and the ωm’s are the tidal frequencies included in the
tidal analysis. The F ’s and G’s have exactly the same func-
tional form as they use the same centers and differ only in
the values of their RBF and polynomial coefficients, with
different coefficients for each choice of sub and superscript.
Equation (5) is the same as Candela et al.’s velocity ex-
pansion except for the polynomial terms and the enforce-
ment of the side conditions on the fit. An indicial form of
(5) is given in the appendix as (15). Each velocity compo-
nent fitted with (5) using a linear polynomial requires the
(N + 3)(2M + 1) coefficients within w to be found by fit-
ting (5) to the L MV-ADCP data values while enforcing the
3(2M + 1) side conditions in (3). The tidal least squares
design matrix has the same form as (4), with the A and P
matrices augmented on the right with 2M copies of them-
selves multiplied by either sin(ωmt) or cos(ωmt) evaluated
at the measurement times i.e.

Dtidal = [D D sin(ω1t) D cos(ω1t) ... ] (6)

and the tidal coeficent vector wtidal = [w0;wS1;wC1; ...]
solves Dtidalwtidal = [ud or vd].
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3.1. Synthetic data

Synthetic MV-ADCP data sets are used to test the per-
formance of RBF tidal analysis (5). The synthetic vessel
track lay within a unit square, with the lower left corner at
the origin. The tracks were either on lines parallel to the
x axis spaced 0.2 unit intervals or around the perimeter of
the unit square. The track was repeated 10 times during
a single tidal cycle, with 900 data points 0.2 units apart.
The synthetic velocities were for an eddy with a Gaussian
streamfunction which had peak velocity 0.25 units from its
center. The eddy was centered either in the middle of the
unit square or in the lower left hand corner. The eddy ve-
locities varied as a sine wave within the single tidal cycle
with a peak value of 1 velocity unit. 0.1 velocity units of
normally distributed random noise were added to each com-
ponent of the data, resulting in a velocity noise level of 14%.
Tests compared the performance of the RBF tidal analysis
using between 0 and 60 centers. The performance measure
used in all but the cross validation technique was the RMS
difference between the noiseless velocity of the underlying
Gaussian eddy and the velocity predicted by the tidal RBF
at 0.1 tidal cycle intervals at grid points spaced 0.05 units
apart. To assess the variability in the RMS difference due
to noise in the data each synthetic test case was repeated
50 times. The measure of variability used was the interval
between the 5% and 95% percentile RMS differences for the
50 replicates, which will be referred to to as the Replication
Variability Interval (RVI).

3.2. Center Locations-greedy fit

Candela et al. [1992] and Muenchow [2000] subjectively
placed their centers, while Vennell [2006] placed centers at
60m intervals along the vessel track. Tests with synthetic
data are used to compare the performance of RBF tidal
analysis for centers placed at random locations, at randomly
selected data locations, evenly spaced along the vessel track,
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Figure 2. Cross validation curve to determine optimal
number of centers for synthetic eddy. Plot gives stan-
dard deviation of the difference between predictions for
the second half of the data and the measurements. Thick
lines are averages for 50 randomly chosen “halves” for
streamfunction fit (solid line) and velocity component fit
(dashed). Gray area and thin dotted lines show the 5%
and 95% percentiles of the STD for streamfunction and
velocity component fits respectively for the 50 randomly
chosen “halves”. Inset shows vessel track and eddy loca-
tion.

on a grid and by the so called “greedy fit”. Fig. 1 compares
the RMS difference between the synthetic eddy’s velocity
and the tidal RBF velocity field for these five center place-
ment schemes. The RMS differences for all schemes show
a similar pattern. For low center numbers there is a rapid
decrease in the RMS difference as additional centers give the
surface more degrees of freedom to better fit the data. For
large numbers of centers the difference increases as there are
so many degrees of freedom that the RBF is fitting the noise
in the data, i.e. over-fitting, which increases the difference
between the fit and the underlying noiseless Gaussian eddy.
The minimum in the curves at around 20-40 indicates an op-
timal number of centers, sufficient to adequately represent
the eddy without over-fitting and reproducing the noise. At
the minimum the RMS difference is only 4-8% of the peak
velocity, less than the 14% noise level in the data.

The thin solid line in Fig. 1a shows the mean RMS dif-
ference between the fit and the eddy for 50 sets of randomly
chosen center locations. The line demonstrates high RMS
differences and high sensitivity to over-fitting. The thick
dashed line in Fig. 1a shows the mean RMS difference for 50
sets of centers placed at randomly chosen data locations. It
demonstrates significantly better performance than random
locations, with a much lower RMS differences, low sensitiv-
ity to over-fitting and low RVI amongst the 50 sets (gray
area). The open circles in Fig. 1b show the performance
when placing centers at evenly spaced intervals along the
vessel track and exhibits highly variable results and poor
performance when over-fitting. The stars in Fig. 1b are for
regular grids of centers, with equal numbers of centers in
both the x and y directions, which perform poorly with the
RMS difference for a 7 by 7 grid so large it is off scale. The
tests in Fig. 1 confirm that placing centers at data locations
gives on average better and/or less variable fits.

The thick solid line in Fig. 1a shows the performance of
an iterative “greedy fit” technique which chooses a subset of
data locations to be centers. The greedy fit starts by fitting
just the polynomial part of (5) to the data. It then finds the
data location with the largest residual between the initial
surface and data and places the first center there. It then re-
peats this process, at each step fitting the data, then adding
the data location with the largest residual to the growing
set of centers. Placing a center at the data location with
the largest residual does not guarantee the surface will pass
through this data point. The idea behind the greedy strat-
egy is to preferentially enhance the approximation power, or
flexibility, of the RBF surface in the regions where it will be
of greatest benefit. Typically these are regions of high cur-
vature. Hence it is not surprising in Fig. 1a that the greedy
fit can achieve a minimum RMS difference with fewer cen-
ters than the average for randomly chosen data locations.
Consequently the greedy fit technique will be used for all
subsequent fits.

3.3. Cross Validation Technique

A technique is needed to estimate the number of centers
to best represent the velocity field without over-fitting and
reproducing the noise. The comparison between the RBF
fit and the underlying synthetic data in Fig. 1 showed that
around 20-40 centers was optimal for this eddy. With real
data sets a different technique is needed as there is no known
underlying function with which to compare. The “cross vali-
dation” technique is a means of choosing the optimal number
of parameters with which to fit a data set [Felders, 1999].
One form of the technique randomly chooses then fits half
the data as a “training” data set and from this predicts val-
ues for the second half of the data. The difference between
the predicted and measured second halves is used to deter-
mine the optimal number of fit parameters (for tidal RBFs
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Figure 3. Comparison of fits to synthetic eddy using two TPS RBFs. Thick solid line is average RMS
difference for streamfunction fit and thick dashed line is average difference for the velocity components
fitted independently. Gray area and thin dotted lines show the RVI for the streamfunction and velocity
component fits respectively based on 50 data sets. a) Biharmonic TPS. Inset shows vessel track and eddy
location. b) Triharmonic TPS.
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around the measurement area for the velocity components fitted independently. b) RMS difference within
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Figure 5. Performance of triharmonic TPS RBF fits for two vessel tracks. Thick solid line is average
RMS difference using streamfunction fit and thick dashed line is average difference for velocity com-
ponents fitted independently. Gray area and thin dotted lines show the RVI for streamfunction and
component fits respectively based on 50 data sets. a) Vessel track with 5 lines through interior of unit
square. b) Vessel track around perimeter of unit square. Velocity component fit is off scale for larger
numbers of centers.

each center adds 2M + 1 parameters for each velocity com- ponent). Fig. 2 plots the standard deviation (STD) of the
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difference between the predictions for the second half of the
measurements and the measured values. The plot exhibits
a curve with a form similar to that in Fig. 1, for small num-
bers of centers adding centers improves the greedy fit, at
high numbers there are too many degrees of freedom and
the fit starts to reproduce the noise in the first half of the
data. If the noise in the two halves is uncorrelated then
the STD of the difference between the predictions and the
measurements in the second half increases for large num-
bers of centers. The minimum in the STD plot indicates
the optimal number of centers. To test the sensitivity to the
data split the process is repeated for many randomly chosen
“halves” of the data.

The thick dashed line in Fig. 2 gives the mean STD of the
difference between predicted and measured second half for
50 random splits of the data. The line exhibits a minimum
around 15-20 centers, sufficient to represent the eddy with-
out over-fitting. With more data the minimum STD will
converge on the noise level within the data and Fig. 2 con-
firms this where the minimum is around 16% slightly more
than the 14% data noise.

4. Tidal Streamfunction Fit

The RBF tidal fit (5) is independently fitted to the com-
ponents of the MV-ADCP measured velocities, however the
components are physically related as they must satisfy mass
continuity. For depth averaged flow mass continuity is

∂η

∂t
+

∂

∂x
(u(h + η)) +

∂

∂y
(v(h + η)) = 0, (7)

were η is the free surface displacement, h the water depth
below mean sea level, u and v the components of depth av-
eraged velocity. The ratio of magnitude of the first term

relative to the others is
ωη0L

h0U0
, where ω is a representative

tidal angular frequency, η0 the surface tide’s amplitude, L
the horizontal scale, h0 a water depth and U0 a horizontal
velocity. For semi-diurnal tidal flow features of order 1km
in size with 1ms−1 currents, in an area with 1m tidal ampli-
tude and 10m water depths, this ratio is only 0.014. Thus
for tidal features of the order of a few kilometers in size the
first term in (7) can be neglected and the transport is ap-
proximately non-divergent. For repeated circuit MV-ADCP
measurements vessel speeds are typically 8kmhr−1 and cir-
cuits are completed hourly and consequently measurements
are restricted to a 2km square, or smaller, area. Thus the
transport of tidal flow features measured by this technique
is typically non-divergent. When the first term of (7) can
be neglected the transport streamfunction defined by

∂ψ

∂y
= u(h + η),

∂ψ

∂x
= −v(h + η) (8)

satisfies mass continuity. The streamfunction can be ex-
pressed as a tidal RBF (15) or

ψ(x, t) = F ψ
0 (x) +

M∑
m=1

[
F ψ

m(x) cos(ωmt)

+ Gψ
m(x) sin(ωmt)

]
, (9)

where each of the F ψ’s and Gψ’s are RBFs of the form
(2). Again these RBFs are of identical form as they use
the same centers. They differ only in the values of their
coefficients. We can exploit the differentiability of the RBF
representation to fit the transport streamfunction directly
to the MV-ADCP measurements using a modified form of
(4). For steady flows this is done by obtaining the least
squares solution to a set of equations evaluating (8) at the

data locations,

[
∂A
∂y

∂P
∂y

∂A
∂x

∂P
∂x

]
wψ ≈

[
u(h + η)

−v(h + η)

]
(10)

which is solved subject to the side conditions (3) applied to
λψ. The elements in the streamfunction design matrix in
(10) are evaluated from the analytic spatial derivatives of
the RBF. As before, the extension from steady flow to tidal
current design matrix is straight forward, augmenting both
A and P on the right with 2M copies of themselves multi-
plied by either a sin(ωmt) or a cos(ωmt). In solving for the
coefficients of the tidal streamfuction, there is an function of
time only which cannot be determined. However this func-
tion has zero spatial derivatives and thus yields no velocities
and can be set after streamfunction evaluation, e.g. chosen
so that the streamfunction is zero at the coast.

The components of transport can be calculated from the
analytic spatial derivatives of (9). To obtain tidal veloc-
ities we also need the instantaneous total depth, η + h.
This could be obtained from a tidal RBF of the form (9)
fitted to the instantaneous ADCP measured water depth.
However, attempting this with the field data presented
later gave unrealistic 0.5m differences in instantaneous wa-
ter level across an area with 10m depths and a 2m tidal
range. One alternative is to use surface heights from at a
nearby tide gauge. The surface tide can be decomposed
into the height at the gauge plus a dynamic component
i.e. η(x, t) = ηT (t) + ηD(x, t). The instantaneous varia-
tion in water level, ηD, over a few kilometers is typically
only a few centimeters [Vennell , 2006], compared to tidal
amplitudes of O(1m). Thus η(x, t) can be approximated
by ηT (t), which can be predicted from the tidal coefficients
for the gauge (this approximation for η + h is improved if
|η| ¿ h). The depth below mean sea level h can found by
subtracting the tide gauge’s water level from the raw ADCP
measured depths. h can be fitted with a time invariant RBF
(2) to give the coefficients wh, which can be used to give the
bathymetry at any location. Tidal velocities at any location
or time can be calculated from the gauge’s tidal coefficients,
together with the RBF representation of h and the analytic
spatial derivatives of the RBF representation of ψ. Veloc-
ity gradients can be evaluated from the analytical first and
second derivatives of the streamfunction and bathymetry
RBFs. To ensure continuity of the second derivative, tri-
harmonic TPS are used. In this case the polynomial P is
quadratic.

4.1. Coastal Constraints

MV-ADCP measurements are often made near coastlines
and the RBF streamfunction formulation makes it easy to
constrain the velocity field to be parallel to the coast. This is
done by requiring the tidal streamfunction coefficients eval-
uated at the coastal locations to have the same value as at
the first point in a coastal segment. This can be expressed
as a set of equations

F ψ
0 (xb

j)− F ψ
0 (xb

1) = 0,

F ψ
m(xb

j)− F ψ
m(xb

1) = 0,

Gψ
m(xb

j)−Gψ
m(xb

1) = 0, for j = 2, . . . , Nb

(11)

where xb
j are the locations of the Nb coastal constraint points

in the segment and the constraints are imposed separately
for each frequency. Each equality in (11) is the difference of
two RBFs. Although evaluated at different locations they
contain the same RBF coefficients. Thus each of the 2M +1
equalities in (11) is a set of (Nb − 1) equations which force
these corresponding RBF coefficients to be related in such a
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way that the streamfunction has the same value all along the
coastal segment. The coastal constraints (11) specify only
direction, not the magnitude of the velocity at the coast,
thus implicitly require extrapolation of the streamfunction
to the coast. Consequently the side conditions (3), are neces-
sary to improve this extrapolation. The coastal constraints
augment the side conditions (3) and (10) is solved subject to
an expanded set of linear equality constraints. To prevent
the constraints significantly affecting the fit within the mea-
surement area it was found necessary to include the coastal
locations as centers, which provided additional spatial res-
olution in order to accommodate the constraint. Synthetic
tests (not shown) indicated that the coastal constraint had
little effect, only slightly improving the directions of RBF
tidal velocities near the coast.

4.2. Performance of Streamfunction Fit

The solid line in Fig. 2 is the cross validation curve for
the streamfunction fit (9) to the Gaussian eddy. The stream-
function fit has a similar minimum to that when fitting the
velocity components independently (5), but smaller RMS
differences when over-fitting. Fig. 3a shows that with bi-
harmonic TPS the velocity component fit does slightly bet-
ter than the streamfunction fit at the RMS minimum with
very similar RVI at larger numbers of centers. When fit-
ted using triharmonic TPS, Fig. 3b, both component and
streamfunction fits show lower RMS differences and while
they have a similar minimum, the streamfunction fit per-
forms much better when over-fitting than the component
fit and has a smaller RVI. The stream function is found by
fitting derivatives of the RBF (5) to noisy data. This dif-
ferentiation amplifies noise in the data. However using the
smoother triharmonic TPS reduces the additional noise in
the fit sufficiently for the streamfunction to out perform the
component fit when over-fitting. Consequently, we will use
triharmonic TPS for all subsequent fits.

RMS plots (not shown) demonstrate that enforcement
of the side conditions slightly reduces the RMS difference
within the measurement area and its variability, particulary
when over-fitting. Fits may be required to be extrapolated
slightly outside the measurement area and Fig. 4a com-
pares RMS difference for the component fit in a 0.1 unit
wide strip surrounding the measurement area. In this ex-
trapolated area TPS are prone to bend rapidly upwards or
downwards. The side conditions (3) constrain the far field
behavior of triharmonic TPS to be quadratic in distance
from the measurements. Fig. 4a demonstrates that the side
conditions significantly improve the component fit within
the extrapolated area, particularly when over-fitting. Fig.
4b demonstrates that the extrapolated streamfunction per-
forms better than the component fit, and enforcing the side
conditions gives a further slight improvement.

A major advantage of TPS is their ability to smoothly
span large gaps in the data. This was tested by placing a
Gaussian Eddy in the lower left corner of the measurement
area and comparing the performance for two vessel tracks.
One track, as used previously, with five lines across the inte-
rior of the unit square measurement area and the other with
ADCP measurements around the perimeter of the measure-
ment area. Fig. 5 compares the RMS differences for pre-
dictions based on the same number of measurements on a
0.05 unit grid inside the area bounded by the vessel track.
For the 5 line vessel track, Fig. 5a, the RMS differences for
the component and streamfunction triharmonic fits are sim-
ilar to those for the centrally located eddy in Fig. 3b, with
the streamfunction fit performing better when over-fitting
and exhibiting lower RVI amongst the 50 data sets. For a
perimeter vessel track the component fit is almost incapable
of representing the eddy, with very large RMS differences

> 0.2 and highly variable results as indicated by large RVI.
Remarkably the streamfunction fit for a perimeter vessel
track, Fig. 5b performs almost as well as that when the ves-
sel traverses the interior, clearly resolving the eddy from a
less than ideal data set. Thus imposing mass continuity by
use of the streamfunction fit can significantly improve the
ability of TPS to span large gaps in the vessel track.

Fig. 6 compares the simpler box binning technique used
by Geyer and Signell [1990] and others with the RBF tech-
nique. The box binning of the data was done by breaking
the 0.2 unit spaced vessel tracks into equal length horizontal
bins. The data in each bin was fitted with sinusoids using
conventional tidal analysis Godin [1972]. Tidal predictions
based on the binned tidal analysis were linearly interpolated
to the 0.05 unit fine grid for comparison with the underlying
Gaussian eddy. Fig. 6a shows that the box binned fits has
a minimum RMS difference around 70 bins of 0.1 velocity
units. The triharmonic streamfunction fit has a minimum
RMS difference of only 0.04 units, demonstrating the advan-
tage of the smoother streamfunction technique. In addition
the binned fit curve in Fig. 6a exhibits slightly erratic be-
havior as more bins are added despite being the average
RMS difference of 50 trials. In contrast the RBF fits behave
relative smoothly as centers are added. The RBF velocity
component fit also exhibits a much lower RMS difference
than the binned fit. The advantage of the RBF fits was
found to be greater for wider spaced vessel tracks.

Fig. 6b compares the vorticity calculated from the three
types of fit. Vorticity for the streamfunction and compo-
nent RBF fits were calculated from the analytic derivatives
of their RBF representation. Vorticity for the binned fit was
calculated using centered finite differences of the 0.05 unit
interpolated grid velocity values. The minimum RMS dif-
ference for the streamfunction and component RBF fits are
nearly half the size of the minimum binned fit difference,
indicating the advantage of the RBF fits in extracting the
vorticity from noisy velocity measurements.

5. Field Data

Bluff Inlet, in southern New Zealand, is dominated by
semidiurnal tides with a 55km2 area at spring high tide and
22km2 at low tide. During spring tides 97× 106m3 of water
is exchanged through its narrow entrance channel with the
Pacific Ocean [Heath, 1976]. MV-ADCP measurements were
made in February 1998 within Bluff Harbour, which is im-
mediately inside the entrance to the Inlet, Fig. 7. To assist
presentation all figures are rotated 40◦ anticlockwise from
true north, but for convenience we will refer to the top and
right of the figures as “north” and “east”. The flood tide en-
ters the Harbour from the east though a 10m deep entrance
channel, with as little as 100m between the 5m contours.
Peak flows in the narrowest section are 2.5ms−1 reducing
to 1.6ms−1 on the eastern edge of the measurement area.
The flood flow forms a narrow jet, with a counter clock-
wise eddy forming to the south of the jet, Fig. 8. Erosion
by the flood jet is responsible for the deep water off Tiwai
Wharf and within the blind channel, as well as the flood
tidal delta formed from the deposition of its sediment load.
The weaker eastward ebb flows occur around the southern
side of the delta through the ebb channel. In this work we
focus on the flood tidal jet and eddy.

The vessel measurement track covered the area between
Island Harbour, Tiwai Wharf and Town Wharf, which is
mostly dredged to a depth of 9m, Fig. 7. The 8km long
track was completed hourly for 13 hours at an average ves-
sel speed of 2ms−1. The track, which began at Town Wharf
traveling west, consisted of a series of lines across and along
channel chosen to maximize the area covered, while resolv-
ing the important features. The measurements were made
with a 600kHz RDI Broadband ADCP recording currents in
1m depth intervals averaged over 8.5sec ensembles spaced
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Figure 6. Comparison of tidal RBF fits and box binning technique. Thick solid line is average RMS ve-
locity difference with synthetic eddy using a streamfunction fit, the thick dashed line is average difference
for velocity components independently fitted with a tidal RBF and the solid line with circles the differ-
ences for velocity data horizontally binned and fitted using conventional tidal analysis. a) RMS velocity
difference between fit and underlying Gaussian eddy. b) RMS difference between vorticity calculated
from the fits and the vorticity of the underlying Gaussian eddy.

10m-30m apart. The velocities were depth averaged assum-
ing no shear above the upper most depth bin at 2.9m and a
logarithmic velocity profile between the deepest good depth
bin and the ADCP measured water depth. There were 5832
ensembles in the 13 hour data sets and Fig. 8 gives an ex-
ample of raw data from one circuit during the flood which
clearly shows the flood jet in the north and the associated
eddy to the south.

A tidal streamfunction RBF (9) with quadratic polyno-
mial was fitted to the ADCP measured transports. Tidal
frequencies of M2, M4 and M6 were used as representative
of the major tidal frequency bands resolvable from the 13
hours of data. The 5832 transports were randomly divided
into training and validation halves. The training half was
fitted with a triharmonic TPS RBF using a greedy fit with
up to 100 centers with quadratic polynomial. The fit was
repeated for 50 randomly chosen “halves”. The STD of the
differences between the predictions for validation half and
measured values gave a curve (not shown) similar to that
in Fig. 2 with a minimum around 60 centers. The mini-
mum transport STD was 1.4m2s−1, which for a typical 10m
depth indicates that the velocity not explained by the tidal
RBF was around 0.14ms−1, a value small compared to the
1.6ms−1 peak flows. A greedy fit was then made to all
the measured transports with 60 centers, enforcing equal
streamfunction at 13 locations along the 11m vertical wall
of the Island Harbour berths. With 60 centers, 6 polynomial
terms and 3 frequencies the fit’s design matrix Dtidal was
5832 by 462. The locations of the centers are given in Fig. 8
and exhibit higher densities in areas where the velocity has
greater horizontal variation.

The tidal predictions for the gauge at Island Harbour
were used to reduce the MV-ADCP measured depths to a
depth below gauge datum. These reduced depths were fit-
ted with a time invariant RBF (2) using a greedy fit with
60 centers. The gauge’s tidal coefficients, the depth below
datum RBF and the tidal streamfunction RBF were then
used to predict the streamfunction, velocities and vorticity
which are shown in Fig. 9.

5.1. Eddy Structure and Development

Fig. 9a gives the streamfunction and velocities when the
eddy first forms at HW-04:45. The thick line is the contour
corresponding to the coastal streamfunction value, which
first stagnates on Island Harbour at this time. The stagna-
tion streamline originates in the east at the location of the

maximum vorticity in the flood tidal jet, i.e. the point of
inflection in the jet’s cross channel velocity profile. This in-
flection is shown by the thick dashed gray line which shows
that the highest vorticity fluid in the jet is contributing to
the eddy’s growth. The rotated numbers on the east give the
maximum vorticity and velocity on the eastern boundary.
At this time the jet’s peak flow is 0.6ms−1 and the maximum
vorticity 70×10−4s−1, 1-2 orders of magnitude larger than
planetary vorticity. At HW-03:00, Fig. 9b, the eddy’s trans-
port, given by the maximum streamfunction is 500m3s−1

at a time when the jet is an order of magnitude larger,
4500m3s−1. The stagnation streamline now originates 100m
south of the jet’s vorticity maximum of 106×10−4s−1 and
jet’s peak velocity has increased to 1.5ms−1. By HW-02:15,
Fig. 9c, the stagnation streamline no longer intersects the
eastern boundary as the eddy became isolated from its fluid
source around HW-02:30. On the eddy’s western side the
stagnation point lies close to tip of Island Harbour through-
out the period HW-04:45 to HW-01:30, e.g. Fig. 9b.

The eddy’s structure is clearly seen in the tracks of
drogues advected by the velocities predicted by the tidal
streamfunction RBF fit in Fig. 10. These virtual drogues
released at HW-03:00 have different fates depending on
whether they are released north or south of the point where
the stagnation streamline intersects the eastern boundary,
Fig. 9b. The drogues released to the north, ψ < 0, rapidly
traverse the measurement area in 20min as part of the jet.
The drogues released at ψ = 0 and ψ = 150, become part
of the eddy, persisting within it for more than 3 hours. The
drogue released at the stagnation streamline does not hit
the coast as the streamlines are unsteady. The drogue re-
leased at ψ = 150 remains closer to the eddy’s center than
that released at ψ = 0, demonstrating that the eddy grows
in spiral fashion, with fluid originating near the stagnation
streamline forming the outer layers. The eddy completes
around one full rotation of the spiral during its life.

More details of the eddy’s and jet’s developments can be
seen in time series of their transport Fig. 11a. The eddy’s
transport is the maximum value of ψ in Fig. 9 and the jet’s
transport was taken as twice the value of ψ at the jet’s center
on the eastern boundary. In Fig. 11a the eddy’s transport
is an order of magnitude smaller than the jet’s, and the
eddy’s transport peaks around HW-02:45, prior to the time
the eddy becomes isolated from the jet. The jet’s transport
peaks a hour later, at HW-01:45. The eddy’s mean vorticity
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chosen by the “greedy fit” technique, together with those at the coastal constraint locations.

was estimated by predicting the vorticity on a 10m grid and
then averaging those where ψ was greater than its coastal
value. The time series of eddy vorticity in Fig. 11b exhibits a
peak around HW-03:00, slightly ahead of the time the eddy
becomes isolated. The eddy’s vorticity grows as it is fed from
the jet, but is also dissipated by bottom and lateral friction.
At the time the eddy’s vorticity peaks dissipation balances
input from the jet. After this time dissipation exceeds in-
put, leading to a decline of eddy vorticity which continues
after the eddy is isolated from the jet source. The jet’s and

eddy’s maximum vorticities are plotted Fig. 11b and show
that, when the eddy is first formed at HW-04:45, the eddy is
fed fluid from the jet’s vorticity maximum, Fig. 9a. As the
entry point of the stagnation streamline moves southward,
the maximum vorticity of fluid entering the eddy declines
until the eddy becomes isolated.

Wells and van Heijst [2003] discuss the dipole eddies
formed downstream of a narrow inlet connecting an embay-
ment to the ocean. They noted that if W/UT < 0.13, (where
W is the inlet width, U the flow velocity and T the tidal pe-
riod) that the eddies can propagate away from the inlet after
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the tidal flow reverses. For the flood tidal jet in Bluff with
2ms−1 currents, a 200m wide entrance and a semidiurnal

period, this ratio is only 0.002. Thus the flood tidal eddy
would not be expected to escape the area near the inlet af-
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ter high water. The ADCP measurements confirm this, with
the eddy persisting within the measurement area near the
Harbour entrance up to the time the ebb flow begins, pre-
sumably being advected out of the Harbour some time after
high tide. Hench and Luettich [2003] model tidal exchange
through inlets observing dipole residual flows on both sides
of the inlet as the result of eddy pairs form down stream of
the inlet on both phases of the tide. The Bluff flood tidal
eddy results in strong eastward residual flows (estimated
from the time invariant part of the tidal RBF (9)) of up to
0.3ms−1 in the south of the measurement area area.

6. Conclusions

The major advantage of TPS RBFs is their ability to in-
terpolate smoothly across large gaps in irregularly spaced
measurements. Fig. 6 demonstrates the advantage of these
smoother RBF fits over the simpler box binning technique in
extracting velocity and vorticity from noisy ADCP measure-
ments. Interpolation theory shows that when the surface
passes through every data point then the uniquely smoothest
interpolant for a measure of energy of the form (1) is an RBF
(2) with the centers at every data location and weights which
satisfy the side conditions (3). The tests with synthetic
data demonstrate that, when seeking a smoother surface
with fewer centers than data, enforcing these conditions on
a least squares RBF can significantly improve the fit. Fig. 1
demonstrates that simply moving centers to data locations
can significantly lower average RMS difference and/or lower
noise induced variability when compared to locating centers
arbitrarily or evenly spaced along the vessel track as pre-
vious oceanographic works have done. Enforcing the side
conditions (3) on the least squares fit also improves the fit
as confirmed by test results in Fig. 4 where their use lowers
the RMS difference particularly when over-fitting. Lower
RMS differences when over-fitting gives a more robust fit,
less sensitive to the choice of the optimal number of centers.
The side conditions constrain the far field behavior of the
RBF which tests demonstrate significantly improves perfor-
mance when extrapolating slightly outside the measurement
area, Fig. 4a. The greedy fit technique is a computation-
ally efficient way to select a subset of data locations to be
centers. Cross validation provides a technique to determine
the optimal number of centers, sufficient to represent the
velocity structure without over-fitting. Higher order TPS
RBFs, such as the triharmonic, have continuity of higher
order derivatives and give a smoother fit. The RBF rep-
resentation allows analytic evaluation of velocity gradients
from the fit which can be used to provide observations of
quantities such as vorticity.

For tidal flows with scales less than a few kilometers the
differentiability of the RBF can be exploited to fit the tidal
streamfunction to MV-ADCP measured transports. This
can significantly improve the ability of the RBF to represent
the tidal velocity field by constraining the velocity compo-
nents to satisfy mass continuity. In particular the stream-
function approach improves the ability of the RBF to span
large gaps between vessel tracks; Fig. 5b demonstrated that
the streamfunction fit was able to resolve velocities within a
unit square from measurements made on vessel track which
traversed the edges of the square almost as well as a vessel
track with 5 lines through the interior of the square. Coastal
constraints on the streamfunction fit marginally improve the
fit, but more usefully give the coastal streamfunction value
which can be used to clearly identify stagnation streamlines
which delineate tidal flow structures. In almost all tests
the streamfunction fit (9) performed better than the com-
ponent fit (5), however improvements by placing centers at
data locations and enforcing the side conditions when using

the streamfunction fit were proportionately less than when
fitting the components independently. The streamfunction
RBF technique is limited to scales of a few km or less, but
there are many tidal jets, channel flows and flow separa-
tions of this scale and smaller in the coastal ocean for which
the technique could provide exceptionally detailed flow ob-
servations. On larger scales the presented improvements to
Candela et al.’s velocity component fit can yield high quality
observations.

The ADCP measurements from Bluff Harbour show an
eddy which forms around HW-04:45 and is fed fluid and vor-
ticity from the flood tidal jet inshore of the jet’s vorticity
maximum. The eddy grows in a spiral fashion completing
around one turn in its life time. The lateral extent within the
jet from which the eddy derives its fluid decreases progres-
sively from its formation until it becomes isolated around
HW-02:20. Throughout the eddy’s life the jet’s axis rotates
clockwise with time. The reason for the jet’s rotation is
unclear, as is the role of jet rotation in isolating the eddy.
However the tidal RBF streamfunction analysis has provided
extraordinarily detailed velocity observations which provide
the basis for models to fully understand the evolution of the
eddy and jet.

Acknowledgments. Southport, NZ Ltd for the use of the
ADCP data

7. Appendix

To facilitate implementing the RBF tidal analysis tech-
nique the detailed structures of the matrices are given be-
low for a 2D RBF with linear supplemental polynomial. The
least squares problem which must be solved to find the RBF
weights and polynomial coefficients is (4) or




Φ11 ... Φ1N 1 xd
1 yd

1

Φ21 ... Φ2N 1 xd
2 yd

2

Φ31 ... Φ3N 1 xd
3 yd

3

...
...

...
...

...
...

ΦL1 ... ΦLN 1 xd
L yd

L







λ1

λ2

...
λN

β1

β2

β3




=




d1

d2

d3

d4

d5

...
dL




(12)

where Φij = Φ(|xd
i −yj |), xd

i is the position vector of the ith
data point and xd

i and yd
i are its components. Similarly yj is

the position vector of the jth RBF center. λj is the weight
for the function Φ(|x− yj |) and the βj ’s are the coefficients
of the linear polynomial with respect to the basis {1, x, y}.
The dj ’s are the measured surface heights. Equation (12)
is solved subject to the side conditions (3), which expressed
are expressed in matrix form as

[
1 1 ... 1
xc

1 xc
2 ... xc

N

yc
1 yc

2 ... yc
N

]



λ1

λ2

...
λN


 =

[
0
0
0

]
(13)

where xc
j and yc

j are the components of yj . Once the λj ’s
and βj ’s are found by solving (12) the surface height can
be evaluated using (2) which can be expressed in indicial
notation as

F (x) = β1 + β2x + β2y +

N∑
j=1

λjΦ(|x− yj |) (14)
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Figure 10. Tracks of virtual drogues advected by predicted tidal streamfunction velocities. Drogues
were released on eastern boundary at HW-03:00. Numbers near release point are the streamfunction
value at release. Thick solid line is drogue released at the entry point of stagnation streamline and
crosses show locations of this drogue at given times.
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Figure 11. Time series of eddy and jet development. a) Transport, note different scales. b) Vorticity,
log scale. Upper solid line is jet’s maximum vorticity at entry to measurement area. Lower solid line is
eddy’s average vorticity and dashed line is the maximum vorticity of fluid entering the eddy across the
eastern boundary. After HW-02:20 eddy is isolated from its jet source.
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The tidal RBF velocity representation used in (5) and (9)
can be written in indicial form as

F (x, t) =
{

β01 + β02x + β03y +

N∑
j=1

λ0jΦ(|x− yj |)
}

+

M∑
m=1

{
βCm1 + βCm2x + βCm3y

+

N∑
j=1

λCmjΦ(|x− yj |)
}

cos(ωmt)

+

M∑
m=1

{
βSm1 + βSm2x + βSm3y

+

N∑
j=1

λSmjΦ(|x− yj |)
}

sin(ωmt). (15)
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